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Ga	naar	zoeken	Ga	naar	hoofdinhoud	The	design	and	analysis	of	efficient	data	structures	has	long	been	recognized	as	a	key	component	of	the	Computer	Science	curriculum.	Goodrich	and	Tomassia's	approach	to	this	classic	topic	is	based	on	the	object-oriented	paradigm	as	the	framework	of	choice	for	the	design	of	data	structures.	For	each	ADT
presented	in	the	text,	the	authors	provide	an	associated	Java	interface.	Concrete	data	structures	realizing	the	ADTs	are	provided	as	Java	classes	implementing	the	interfaces.	The	Java	code	implementing	fundamental	data	structures	in	this	book	is	organized	in	a	single	Java	package,	net.datastructures.	This	package	forms	a	coherent	library	of	data
structures	and	algorithms	in	Java	specifically	designed	for	educational	purposes	in	a	way	that	is	complimentary	with	the	Java	Collections	Framework.	Sorteer	op:	Nieuwste	Meest	behulpzame	Meeste	sterren	Minste	sterren	Toegankelijk	Praktisch	toepasbaar	Normaliter	wordt	ik	nooit	emotioneel	bij	het	lezen	van	een	boek	maar	bij	dit	boek	heb	ik	veel
tranen	weggepinkt	….	niet	uit	blijdschap	don't	do	it	you'll	get	depression	Toegankelijk	Praktisch	toepasbaar	Geschreven	bij	Data	Structures	and	Algorithms	in	Java	Gebruikt	als	studieboek	bij	mijn	vak	'Algorithms	and	Data	Structures'	aan	de	TU	Delft	en	was	een	goede	ondersteuning	voor	bij	de	gegeven	lessen.	Ook	aan	te	raden	als	je	niet	dit	vak	volgt
omdat	het	veel	handvatten	geeft	om	je	Java	ervaring	uit	te	breiden.	Geschreven	bij	Data	Structures	and	Algorithms	in	Java	Goed	boek	dat	allerlei	datastructuren	en	algoritmes	beschrijft.	Een	echt	basiswerk	met	aandacht	voor	Big-Oh	complexiteit.	Handig	als	je	in	Java	aan	de	slag	wilt,	maar	ook	nuttig	voor	andere	programmeurs.	Voorbeelden	zijn
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reviews	Most	recent	Top	reviews	Data	Structures	and	Algorithms	in	Java	Fifth	Edition	International	Student	Version	:,	Michael	T.	Goodrich	Department	of	Computer	Science	University	of	California,	Irvine	Roberto	Tamassia	Department	of	Computer	Science	Brown	University	I	\	I	~i,~	!	John	Wiley	&	Sons,	Inc.	f.	~	!	!	Preface	This	international	student
version	of	Data	Structures	and	Algorithms	in	Java	pro	vides	an	introduction	to	data	structures	and	algorithms,	including	their	design,	anal	ysis,	and	implementation.	In	terms	of	curricula	based	on	the	IEEEIACM	2001	Computing	Curriculum,	this	book	is	appropriate	for	use	in	the	courses	CS102	(1I01B	versions),	CS103	(1I01B	versions),	CS111	(A
version),	andCS112(AlI/OIFIH	versions).	We	discuss	its	use	for	such	courses	in	more	detail	later	in	this	preface.	The	major	changes	in	the	fifth	edition	are	the	following:	-	We	added	more	examples	and	discussion	of	data	structure	and	algorithm	analysis.	-	We	enhanced	consistency	with	the	Java	Collections	Framework.	-	We	enhanced	the	discussion	of
algorithmic	design	techniques,	like	dynamic	programming	and	the	greedy	method.	-	We	added	new	material	on	improved	Java	110	methods.	-	We	created	this	international	student	version	of	the	book,	which	contains	content,	such	as	Java	internationalization	and	international	units,	more	ap	propriate	for	readers	outside	of	North	America	and	Europe.	-
We	added	a	discussion	of	the	difference	between	array	variable-name	assign	ment	and	array	cloning.	-	We_	included	an	expanded	discussion	of	the	Deque	interface	and	Lin	ked	List	class	inJava.	-	We	increased	coverage	of	entry	objects	in	the	Java	Collection	Framework.	-	We	fully	integrated	all	code	fragment	APIs	to	u~e	generic	types.	-	We	added
discussions	of	the	NavigatableMap	interface,	~s	well	as	their	im 	plementations	in	the	Java	Collections	Framework	using	skip	lists.	-	We	included	a	discussion	of	the	Java	TreeMap	class.	-	We	provided	discriptions	of	the	sorting	methods	included	in	the	Java	library.	-	We	expanded	and	revised	exercises,	continuing	our	approach	of	dividing	them	into
reinforcement,	creativity,	and	project	exercises.	This	book	is	related	to	the	following	books:	-	M.T.	Goodrich,	R.	Tamassia,	and	n.M.	Mount,	Data	Structures	and	Algo	rithms	in	C++,	John	Wiley	&	Sons,	Inc.	This	book	has	a'	similar	over	all	structure	to	the	present	book,	but	uses	C++	as	the	underlying	language	(with	some	modest,	but	necessary
pedagogical	differences	required	by	this	approach).	-M.T.	Goodrich	and	R.	Tamassia,	Algorithm	Design:	Foundations,	Analysis,	and	Internet	Examples,	John	Wiley	&	Sons,	Inc.	This	is	a	textbook	for	a	more	advanced	algorithms	and	data	structures	course,	such	as	CS210	(TIWICIS	versions)	in	the	IEEElACM	2001	curriculum.	vii	Preface	viii	Use	as	a
Textbook	The	design	and	analysis	of	efficient	data	structures	has	long	been	recognized	as	a	vital	subject	in	computing,	for	the	study	of	data	structures	is	part	of	the	core	of	every	collegiate	computer	science	and	computer	engineering	major	program	we	are	familiar	with.	Typically,	the	introductory	courses	are	presented	as	a	two-	or	three	course
sequence.	Elementary	data	structures	are	often	briefly	introduced	in	the	first	programming	course	or	in	an	introduction	to	computer	science	course	and	this	is	followed	by	a	more	in-depth	introduction	to	data	structures	in	the	courses	that	follow	after	this.	Furthermore,	this	course	sequence	is	typically	followed	at	a	later	point	in	the	curriculum	by	a
more	in-depth	study	of	data	structures	and	algorithms.	We	feel	that	the	central	role	of	data	structure	design	and	analysis	in	the	curriculum	is	fully	justified,	given	the	importance	of	efficient	data	structures	in	most	software	.	systems,	including	the	Web,	operating	systems,	databases,	compilers,	and	scientific	simulation	systems.	With	the	emergence	of
the	object-oriented	paradigm	as	the	framework	of	choice	for	building	robust	and	reusable	software,	we	have	tried	to	take	a	consistent	object	oriented	viewpoint	throughout	this	text.	One	of	the	main	ideas	of	the	object	oriented	approach	is	that	data	should	be	presented	as	being	encapsulated	with	the	methods	that	access	and	modify	them.	That	is,
rather	than	simply	viewing	data	as	a	collection	of	bytes	and	addresses,	we	think	of	data	objects	as	instances	of	an	abstract	data	type	(ADn,	which	includes	a	repertoire	of	methods	for	performing	operations	on	data	objects	of	this	type.	Likewise,	object-oriented	solutions	are	of 	ten	organized	utilizing	common	design	patterns,	which	facilitate	.software
reuse	5	and	robustness.	Thus,	we	present	each	data	structure	using	ADTs	and	their	re	spective	implementations	and	we	introduce	important	design	patterns	as	means	to	organize	those	implementations	into	classes,	methods,	and	objects.	For	each	ADT	presented	in	this	book,	we	provide	an	associated	Java	interface.	Also,	concrete	data	structures
realizing	the	ADTs	are	discussed	and	we	often	give	concrete	Java	classes	implementing	these	interfaces.	We	also	give	Java	implemen	tations	of	fundamental	algorithms,	such	as	sorting	and	graph	searching.	Moreover,	in	addition	to	providing	techniques	for	using	data	structures	to	implement	ADTs,	we	also	give	sample	applications	of	data	structures,
such	as	in	HTML	tag	matching	and	a	simple	system	to	maintain	a	photo	album.	Due	to	space	limitations,	however,	we	sometimes	show	only	code	fragments	of	some	implementations	in	this	book	and	make	additional	source	code	available	on	the	companion	web	site.	The	Java	code	implementing	fu:pcla:n.I,en11ll	data	structqre~	in	this	book	is
.Qrganized	into	a	single	Java	package,	net.datastructures,	which	forms	a	coherent	library	of	data	structures	and	algorithms	in	Java	specifically	designed	for	educational	purposes	in	a	way	that	is	complementary	with	the	Java	Collections	Framework.	The	net.datastructures	library	is	not	required,	however,	to	get	full	use	from	this	book.	ix	Preface	Online
Resources	This	book	is	accompanied	by	an	extensive	accompanying	set	of	online	resources,	which	can	be	found	at	the	following	web	site:	www.wiley.com/go/global/goodrich	Students	are	encouraged	to	use	this	site	along	with	the	book,	to	help	with	exer	cises	and	increase	understanding	of	the	subject.	Instructors	are	likewise	welcome	to	use	the	site	to
help	plan,	organize,	and	present	their	course	materials.	Included	on	this	Web	site	is	a	collection	of	educational	aids	that	augment	the	topics	of	this	book,	for	both	students	and	instructors.	Because	of	their	added	value,	some	of	these	online	resources	are	password	protected.	For	the	Student	For	all	readers,	and	especially	for	students,	we	include	the
following	resources:	•	All	the	Java	source	code	presented	in	this	book.	•	PDF	handouts	of	Powerpoint	slides	(four-per-page)	provided	to	instructors.	•	A	database	of	hints	to	all	exercises,	indexed	by	problem	number.	•	An	online	study	guide,	which	includes	solutions	to	selected	exercises.	The	hints	should	be	of	considerable	use	to	anyone	needing	a	little
help	getting	started	on	certain	exercises,	and	the	solutions	should	help	anyone	wishing	to	see	completed	exercises.	Students	who	have	purchased	a	new	copy	of	this	book	will	get	password	access	to	the	hints	and	other	password-protected	online	resources	at	no	extra	charge.	Other	readers	can	purchase	password	access	for	a	nominal	fee.	-	.	For	the
Instructor	For	instructors	using	this	book,	we	include	the	following	additional	teaching	aids:	•	Solutions	to	over	two	hundred	of	the	book's	exercises.	•	A	database	of	additional	exercises,	suitable	for	quizzes	and	exams.	•	The	complete	net.datastructmes	package.	•	Additional	Java	source	code.	•	Slides	in	Powerpoint	and	PDF	(one-per-page)	format.	•
Self-contained	special-topic	supplements,	including	discussions	on	convex	hulls,	range	trees,	and	orthogonal	segment	intersection.	•	Ready-to-use,	turn-key	projects,	complete	with	supporting	Java	code	for	graphical	userinte¢aces	(GUls),	so	that	students	can	concentrate	on	data	structure	de	.sign,illlplementation,	and	usage,	rather	than	GUI
programming.	The	slides	are	fully	editable,	so	as	to	allow	an	instructor	using	this	book	full	free	dom	in	customizing	his	or	her	presentations.	All	the	online	resources	are	provided	at	no	extra	charge	to	any	instructor	adopting	this	book	for	his	or	her	course.	Preface	x	A	Resource	for	Teaching	Data	Structures	and	Algorithms	This	book	contains	many
Java-code	and	pseudo-code	fragments,	and	hundreds	of	exercises,	which	are	divided	into	roughly	40%	reinforcement	exercises,	40%	cre	ativity	exercises,	and	20%	programming	projects.	This	book	can	be	used	for	the	CS2	course,	as	descirbed	in	the	1978	ACM	Com 	puter	Science	Curriculum,	or	in	courses	CS	102	(I/OIE	versions),	CS	103	(I/OIE	ver-
sions),	CS	III	(A	version),	and/or	CS	112	(AIIIOIF/H	versions),	as	described	in	the	IEEEIACM	2001	Computing	Curriculum,	with	instructional	units	as	outlined	in	Table	0.1.	Instructional	Unit	Relevant	Material	PLl.	PL2.	PL3.	PL4.	PL5.	Chapters	1	&	2	Sections	14.1.1,	14.1.2,	&	14.1.3	Section	1.9	Sections	1.1,2.4,	&	2.5	Sections	2.4,	5.1,	5.2,	5.3,	6.1.1,
6.2,	6.4,	6.3,7.1,7.3.1,8.1,9.1,9.5,	11.4,	&	13.1	Chapters	1	&	2	and	Sections	6.2.2,	6.3,	7.3.7,8.1.2,	&	13.3.1	Chapters	1	&	2	Sections	1.9	&	4,2	Sections	3.1,	5.1-3.2,	5.3,	,	6.1---D.4,	7.1,	7.3,8.1,8.3,9.1-9.4,	10.1,	&	13.1	Section	3.5	Chapter	2	and	Sections	6.2.2,	6.3,	1.3.7,	8.1.2,	&	13.3.1	Sections	2.4,	5.1,	5.2',	5.3,	6.1.1,	6.2,	6.4,	6.3,7.1,7.3.1,8.1,9.1,9.5,
11.4,	&	13.1	Chapter	4	Sections	11.1.1,11.5.1,12.3.1,12.4.2,	&	12.2	Sections	8.1.4,	8.2.2,	8.3.5,9.2,	&	9.3.1,	and	Chapters	11,	12,	&	13	Sections	4.1,	8.1,	&	11.4	Sections	4.3,	6.1.4,	7~3.3,	8.3,	10.2,	10.3,	10.4,	10.5,	11.2.1,	11.3.1,	11.4.3,	13.1,	13.3.1,	13.4,	&	13.5	Sections	2.2.3	&	11.1.5	Chapters	7,	8,	10,	&	13	Appendix	A	and	Sections	9.2.2,	9.4.2,
11.2.1,	&	11.5	Overview	of	Programming	Languages	Virtual	Machines	Introduction	to	Language	Translation	Declarations	and	Types	Abstraction	Mechanisms	PL6.	Object-Oriented	Programming	PFI.	Fundamental	Programming	Constructs	PF2.	Algorithms	and	Problem-Solving	PF3.	Fundamental	Data	Structures	PF4.	Recursion	SEI.	Software	Design
SE2.	Using	APIs	All.	Basic	Algorithmic	Analysis	AL2.	Algorithmic	Strategies	AL3.	Fundamental	Computing	Algorithms	DS	1.	Functions,	Relations,	and	Sets	DS3.	Proof	Techniques	DS4.	Basics	of	Counting	DS5.	Graphs	and	Trees	DS6.	Discrete	Probability	Table	0.1:	Material	for	Units	in	the	IEEE/ACM	2001	Computing	Curriculum.	xi	Preface	Contents
and	Organization	The	chapters	for	this	course	are	organized	to	provide	a	pedagogical	path	that	starts	with	the	basics	of	Java	programming	and	object-oriented	design.	We	provide	an	early	discussion	of	concrete	structures,	like	arrays	and	linked	lists,	so	as	to	provide	a	concrete	footing	to	build	upon	when	constructing	other	data	structures.	We	then
add	foundational	techniques	like	recursion	and	algorithm	analysis,	and,	in	the	main	portion	of	the	book,	we	present	fundamental	data	structures	and	algorithms,	con	cluding	with	a	discussion	of	memory	management	(that	is,	the	architectural	under	pinnings	of	data	structures).	Specifically,	the	chapters	for	this	book	are	organized	as	follows:	1.	Java
Programming	Basics	2.	Object-Oriented	Design	3.	Arrays,	Linked	Lists,	and	Recursion	4.	Mathematical	Foundations	5.	Stacks	and	Queues	6.	List	Abstractions	7.	Tree	Structures.	8.	Priority	Queues	9.	Maps	and	Dictionaries	10.	Search	Tree	Structures	11.	Sorting	and	Selection	12.	Text	Processing	13.	Graphs	14.	Memory	..	.	A.Usef~ffv1athematical
Facts·	A	more	detailed	listing	of	the	contents	of	this	book	can	be	found	in	the	table	of	contents.	'I[	~!	,t'	~	l	I	II	xii	Preface	I•	r	•	II	I~	·	iii	!i	.1,'I	i	H	Ii	I	·f"	Prerequisites	We	have	written	this	book	assuming	that	the	reader	comes	to	it	with	certain	knowl	edge.	We	assume	that	the	reader	is	at	least	vaguely	familiar	with	a	high-level	pro	gramming
language,	such	as	C,	C++,	Python,	or	Java,	and	that	he	or	she	under	stands	the	main	constructs	from	such	a	high-level	language,	including:	•	Variables	and	expressions.	•	Methods	(also	known	as	functions	or	procedures).	•	Decision	structures	(such	as	if-statements	and	switch-statements).	•	Iteration	structures	(for-loops	and	while-loops).	For	readers
who	are	familiar	with	these	concepts,	but	not	with	how	they	are	ex	pressed	in	Java,	we	provide	a	primer	on	the	Java	language	in	Chapter	1.	Still,	this	book	is	primarily	a	data	structures	book,	not	a	Java	book;	hence,	it	doe~	not	provide	a	comprehensive	treatment	of	Java.	Nevertheless,	we	do	not	assume	that	the	reader	is	necessarily	familiar	with
object-oriented	design	or	with	linked	structures,	such	as	linked	lists,	for	these	topics	are	covered	in	the	core	chapters	of	this	book.	In	terms	of	mathematical	background,	we	assume	the	reader	is	somewhat	famil	iar	with	topics	from	high-school	mathematics.	Even	so,	in	Chapter	4,	we	discuss	the	seven	most-important	functions	for	algorithm	analysis.
In	fact,	sections	that	use	something	other	than	one	of	these	seven	functions	are	considered	optional,	and	are	indicated	with	a	star	(*).	We	give	a	summary	of	other	useful	mathematical	facts,	including	elementary	probability,	in	Appendix	A.	About	the	Authors	Professors	Goodrich	and	Tamassia	are	well-recognized	researchers	in	algorithms	and	data
structures,	having	published	many	papers	in	this	field,	with	applications	to	Internet	computing,	information	visualization,	computer	security,	and	geomet	ric	computing.	They	have	served	as	principal	investigators	in	several	joint	projects	sponsored	by	the	National	Science	Foundation,	the	Army	Research	Office,	the	Of 	fice	of	Naval	Research,	and	the
Defense	Advanced	Research	Projects	Agency.	They	are	also	active	in	educational	technology	research.	Michael	Goodrich	received	his	Ph.D.	in	Computer	Science	from	Purdue	Uni	versity	in	1987.	He	is	currently	a	Chancellor's	Professor	in	the	Department	of	Com 	puter	Science	at	University	of	California,	Irvine.	Previously,	he	was	a	professor	at	Johns
Hopkins	University.	He	is	an	editor	for	a	number	of	journals	in	computer	science	theory,	computational	geometry,	and	graph	algorithms.	He	is	an	ACM	Dis	tinguished	Scientist,	a	Fellow	of	the	American	Association	for	the	Advancement	of	Science	(AAAS),	a	Fulbright	Scholar,	and	aFellow	of	the	IEEE.	He	is	a	recipient	of	the	IEEE	Computer	Society
Technical	Achievement	Award,	the	ACM	Recognition	of	Service	Award,	and	the	Pond	Award	for	Excellence	in	Undergraduate	Teaching.	xiii	Preface	Roberto	Tamassia	received	his	Ph.D.	in	Electrical	and	Computer	Engineering	from	the	University	of	Illinois	at	Urbana-Champaign	in	1988.	He	is	the	Plastech	Professor	of	Computer	Science	and	the	Chair
of	the	Department	of	Computer	Sci	ence	at	Brown	University.	He	is	also	the	Director	of	Brown's	Center	for	Geometric	Computing.	His	research	interests	include	information	security,	cryptography,	anal	ysis,	design,	and	implementation	of	algorithms,	graph	drawing	and	computational	geometry.	He	is	an	IEEE	Fellow	and	a	recipient	of	the	Technical
Achievement	Award	from	the	IEEE	Computer	Society,	for	pioneering	the	field	of	graph	draw	ing.	He	is	an	editor	of	several	journals	in	geometric	and	graph	algorithms.	He	previously	served	on	the	editorial	board	of	IEEE	Transactions	on	Computers.	In	addition	to	their	research	accomplishments,	the	authors	also	have	extensive	experience	in	the
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condition	is	not	true	(unlike	the	repeat-until	construct	used	in	other	languages).	32	Chapter	1.	Java	Programming	Basics	1.4.3	Explicit	Control-Flow	Statements	Java	also	provides	statements	that	allow	for	explicit	change	in	the	flow	of	control	of	a	program.	Returning	from	a	Method	If	a	Java	method	is	declared	with	a	return	type	of	void,	then	flow	of
control	returns	when	it	reaches	the	last	line	of	code	in	the	method	or	when	it	encounters	a	return	statement	with	no	argument.	If	a	method	is	declared	with	a	return	type,	however,	the	method	is	a	function	and	it	must	exit	by	returning	the	function's	value	as	an	ar	gument	to	a	return	statement.	The	following	(correct)	example	illustrates	returning	from
a	function:	/	/	Check	for	a	specific	birthday	public	boolean	checkBDay	(int	date)	{	if	(date	==	Birthdays.MIKES_BDAY)	{	return	true;	}	return	false;	}	It	follows	that	the	return	statement	must	be	the	last	statement	executed	in	a	func	tion,	as	the	rest	of	the	code	will	never	be	reached.	Note	that	there	is	a	significant	difference	between	a	statement	being
the	last	line	of	code	that	is	executed	in	a	method	and	the	last	line	of	code	in	the	method	itself.	In	the	example	above,	the	line	return	true;	is	clearly	not	the	last	line	of	code	that	is	written	in	the	function,	but	it	may	be	the	last	line	that	is	executed	(if	the	condition	involving	date	is	true).	Such	a	statement	explicitly	interrupts	the	flow	of	control	in	the
method.	There	are	two	other	such	explicit	control-flow	statements,	which	are	used	in	conjunction	with	loops	and	switch	statements.	The	break	Statement	The	typical	use	of	a	break	statement	has	the	following	simple	syntax:	break;	It	is	used	to	"break"	out	of	the	innermost	switch,for,	while,	or	do-while	statement	body.	When	it	is	executed,	a	break
statement	causes	the	flow	of	control	to	jump	to	the	next	line	after	the	loop	or	switch	to	the	body	containing	the	break.	1.4.	Control	Flow	33	The	break	statement	can	also	be	used	in	a	labeled	form	to	jump	out	of	an	outer	nested	loop	or	switch	statement.	In	this	case,	it	has	the	syntax	break	label;	where	label	is	a	Java	identifier	that	is	used	to	label	a	loop
or	switch	statement.	Such	a	label	can	only	appear	at	the	beginning	of	the	declaration	of	a	loop.	There	are	no	other	kinds	of	"go	to"	statements	in	Java.	We	illustrate	the	use	of	a	label	with	a	break	statement	in	the	following	simple	example:	public	static	boolean	hasZeroEntry	(int[][]	a)	{	boolean	found	Flag	=	false;	zeroSearch:	for	(jnt	i=O;	ka.length;
i++)	{	for	(int	j=O;	j=	0)&&	(i	x	=	a[i);	<	a.length)	&&	(a[i]	>	2)	)	for	the	comparison	"a[i]	>	2"	will	only	be	performed	if	the	first	two	comparisons	succeed.	36	Chapter	1.	Java	Programming	Basics	1.5.1	Declaring	Arrays	One	way	to	declare	and	initialize	an	array	is	as	follows:	elemenuype[]	arraY.fiame	=	{iniLvaLO,iniLvaLl,	...,iniLvaLN-l};	The
elementJype	can	be	any	Java	base	type	or	class	name,	and	arraY.fiame	can	be	any	value	Java	identifier.	The	initial	values	must	be	of	the	same	type	as	the	array.	For	example,	consider	the	following	declaration	of	an	array	that	is	initialized	to	contain	the	first	ten	prime	numbers:	int[]	primes	{2,	3,	5,	7,	11,	13,	17,	19,	23,	29};	In	addition	to	creating	an
array	and	defining	all	its	initial	values	when	we	declare	it,	we	can	declare	an	array	variable	without	initializing	it.	The	form	of	this	declaration	is	as	follows:	elemenLtype[]	array.-name;	An	array	created	in	this	way	is	initialized	with	all	zeros	if	the	array	type	is	a	number	type.	Arrays	of	objects	are	initialized	to	all	null	references.	Once	we	have	declared
an	array	in	this	way,	we	can	create	the	collection	of	cells	for	an	array	later	using	the	following	syntax:	newelementJype[length]	I	where	length	is	a	positive	integer	denoting	the	length	of	the	array	created.	Typically	this	expression	appears	in	an	assignment	statement	with	an	array	name	on	the	left	hand	side	of	the	assignment	operator.	So,	for	example,
the	following	statement	defines	an	array	variable	named	a,	and	later	assigns	it	an	array	of	10	cells,	each	of	type	double,	which	it	then	initializes:	double[]	a;	/	/	...	various	steps	...	a	=	new	double[lO];	for	(int	k=O;	k	<	a.length;	k++)	{	ark]	=	l.0;	}	The	cells	of	this	new	array,	"a,"	are	indexed	using	the	integer	set	{O,	1,2,	...	,9}	(recall	that	arrays	in	Java
always	start	indexing	at	0),	and,	like	every	array	in	Java,	all	the	cells	in	this	array	are	of	the	same	type-double.	1.5.	Arrays	37	1.5.2	Arrays	are	Objects	Arrays	in	Java	are	special	kinds	of	objects.	In	fact,	this	is	the	reason	we	can	use	the	new	operator	to	create	a	new	instance	of	an	array.	An	array	can	be	used	just	like	any	general	object	in	Java,	but	we
have	a	special	syntax	(using	square	brackets,	"["	and	"]")	to	refer	to	its	members.	An	array	in	Java	can	do	everything	that	a	general	object	can.	Since	an	array	is	an	object,	though,	the	name	of	an	array	in	Java	is	actually	a	reference	to	the	place	in	memory	where	the	array	is	stored.	Thus,	there	is	nothing	too	special	about	using	the	dot	operator	and	the
instance	variable,	length,	to	refer	to	the	length	of	an	array,	for	example,	as	"a.	length."	The	name,	a,	in	this	case	is	just	a	reference,	or	pointer,	to	the	underlying	array	object.	The	fact	that	arrays	in	Java	are	objects	has	an	important	implication	when	it	comes	to	using	array	names	in	assignment	statements.	For	when	we	write	some	thing	like	b	=	a;	in	a
Java	program,	we	really	mean	that	b	and	a	now	both	refer	to	the	same	array.	So,	if	we	then	write	something	like	b[3]	=	5;	then	we	will	also	be	setting	the	number	a[3]	to	5.	We	illustrate	this	crucial	point	in	Figure	1.7.	a	---...	19401880	1830	1790	1750	1660	165015901:510J44bl	b~	0	1	2	3	4	5	6	7	8	9	:	Change	that	i	comes	from	the	i	aSSignment	,
b[3]=5;	a	---...	b~	19401880	1830151750166QI65QI!5~pl·510l4401	o	1	2	3	4	5	6	789	Figure	1.7:	An	illustration	of	an	assignment	of	array	objects.	We	show	the	result	of	setting	"b[3]	=	5;"	after	previously	setting	"b	=	a;".	Chapter	1.	Java	Programming	Basics	38	Cloning	an	Array	If	instead,	we	wanted	to	create	an	exact	copy	of	the	array,	a,	and	assign
that	array	to	the	array	variable,	b,	we	should	write	b	a.cloneO;	which	copies	all	of	the	cells	of	a	into	a	new	array	and	assigns	bto	point	to	that	new	array.	In	fact,	the	clone	method	is	a	built-in	method	of	every	Java	object,	which	makes	an	exact	copy	of	that	object.	In	this	case,	if	we	then	write	b[3]	=	5;	then	the	new	(copied)	array	will	have	its	cell	at
index	3	assigned	the	value	5,	but	a[3]	will	remain	unchanged.	We	illustrate	this	point	in	Figure	1.8.	a	~	\9401880\83017901750/66016501590151014401	o	b	1	234	5	6	789	1	2	5	6	7	,I	3	·	···	··	·	4	rl...	.........	_~	...	1...	........	,	a	I...;.	._	1	___	I	.;..	__	1	0	b	.	I··	1	1	2	1'	•	3	4	.	1	1	5	'I	6	7	8	9	~	1940	188018.3QI·5·1750	1660	1650	15901510	440	1	0	1	2	3	4	5	6	7
8	1	9	Figure	1.8:	An	illustration	of	cloning	of	array	objects.	We	show	the	result	of	setting	"b[3]	-	5;"	after	previously	setting	"b	a.cloneO;".	We	should	stress	that	the	cells	of	an	array	are	copied	when	we	clone	it.	If	the	cells	are	a	base	type,	like	int,	their	values	are	copied.	But	if	the	cells	are	object	references,	then	those	references	are	copied.	This	means
that	there	are	now	two	ways	to	reference	such	an	object.	We	explore	the	consequences	of	this	fact	in	Exercise	R-1.1.	1.6.	Simple	Input	and	Output	1.6	39	Simple	Input	and	Output	Java	provides	a	rich	set	of	classes	and	methods	for	performing	input	and	output	within	a	program.	There	are	classes	in	Java	for	doing	graphical	user	interface	de	sign,
complete	with	pop-up	windows	and	pull-down	menus,	as	well	as	methods	for	the	display	and	input	of	text	and	numbers.	Java	also	provides	methods	for	deal	ing	with	graphical	objects,	images,	sounds,	Web	pages,	and	mouse	events	(such	as	clicks,	mouse	overs,	and	dragging).	Moreover,	many	of	these	input	and	output	methods	can	be	used	in	either
stand-alone	programs	or	in	applets.	Unfortunately,	going	into	the	details	on	how	all	of	the	methods	work	for	con	structing	sophisticated	graphical	user	interfaces	is	beyond	the	scope	of	this	book.	Still,	for	the	sake	of	completeness,	we	describe	how	simple	input	and	output	can	be	done	in	Java	in	this	section.	Simple	input	and	output	in	Java	occurs
within	the	Java	console	window.	De	pending	on	the	Java	environment	we	are	using,	this	window	is	either	a	special	pop-up	window	that	can	be	used	for	displaying	and	inputting	text,	or	a	window	used	to	issue	commands	to	the	operating	system	(such	windows	are	referred	to	as	shell	windows,	DOS	windows,	or	terminal	windows).	Simple	Output
Methods	Java	provides	a	built-in	static	object,	called	System.out,	'that	performs	output	to	the	"standard	output"	device.	Most	operating	system:shells	allow	users	to	redirect	standard	output	to	files	or	even	as	input	to	other	programs,	but	the	default	out	put	is	to	the	Java	console	window.	The	System.out	object	is	an	instance	of	the	java.io.PrintStream
class.	This	class	defines	methods	for	a	buffered	output	stream,	meaning	that	characters	are	put	in	a	temporary	location,	called	a	buffer,	which	is	then	emptied	when	the	console	window	is	ready	to	print	characters.	Specifically,	the	java.io.PrintStream	class	provides	the	following	methods	for	performing	simple	output	(we	use	base_type	here	to	refer	to
any	of	the	possible	base	types):	print(Object	0):	Print	the	object	0	using	its	toString	method.	:..~	~>	print(String	s):	Print	the	string	s.	print(base_type	b):	Print	the	base	type	value	b.	println(String	s):	Print	the	string	s,	followed	by	the	newline	character.	Chapter	1.	Java	Programming	Basics	40	An	Output	Example	Consider,	for	example,	the	following
code	fragment:	System.out.print("Java	values:	");	System.out.print(3.1415);	System.out.print('	,	l	);	System.out.print(15);	System.out.println("	(double,	char,	int)	.	");	When	executed,	this	fragment	will	output	the	following	in	the	Java	console	window:	Java	values:	3.1415,15	(double,char,int).	Simple	Input	Using	the	java.util.Scanner	Class	Just	as	there	is
a	special	object	for	performing	output	to	the	Java	console	window,	there	is	also	a	special	object,	called	System.	in,	for	performing	input	from	the	Java	console	window.	Technically,	the	input	is	actually	coming	from	the	"standard	in	put"	device,	which	by	default	is	the	computer	keyboard	echoing	its	characters	in	the	Java	console.	The	System.in	object	is
an	object	associated	with	the	standard	input	device.	A	simple	way	of	reading	input	with	this	object	is	to	use	it	to	create	a	Scanner	object,	using	the	expression	new	Scanner(System.in)	The	Scanner	class	has	a	number	of	convenient	methods	that	read	from	the	given	input	stream.	For	example,	the	following	program	uses	a	Scanner	object	to	process
input:	import	java.io.	*;	import	java.utiI.Scanner;	public	class	InputExample	{	public	static	void	main(String	args[])	throws	IOException	{	Scanner	5	=:	new	Scanner(System.in);	System.out.print("Enter	your	age	in	years:	II);	double	age	=:	s.nextDouble();	System.out.print("Enter	your	maximum	heart	rate:	");	double	rate	=	s.nextDoubleO;	double	fb
(rate	-	age)	*	0.65;	System.out.printlnC'Your	target	fat	burning	heart	rate	is	"	I	\	I	t	+	fb	+	".	");	}	}	When	executed,	this	program	could	produce	the	following	on	the	Java	console:	Enter	your	age	in	years:	21	Enter	your	maximum	heart	rate:	220	Your	target	fat	burning	heart	rate	is	129.35.	1.6.	Simple	Input	and	Output	41	java.util.Scanner	Methods	The
Scanner	class	reads	the	input	stream	and	divides	it	into	tokens,	which	are	strings	of	characters	separated	by	delimiters.	A	delimiter	is	a	special	separating	string,	and	the	default	delimiter	is	whitespace.	That	is,	tokens	are	separated	by	strings	of	spaces,	tabs,	and	newlines,	by	default.	Tokens	can	either	be	read	immedi	ately	as	strings	or	a	Scanner
object	can	convert	a	token	to	a	base	type,	if	the	token	is	in	the	right	syntax.	Specifically,	the	Scanner	class	includes	the	following	methods	for	dealing	with	tokens:	hasNextO:	Return	true	if	and	only	if	there	is	another	token	in	the	input	stream.	nextO:	Return	the	next	token	string	in	the	input	stream;	generate	an	error	if	there	are	no	more	tokens	left.
hasf\lextTypeO:	Return	true	if	and	only	if	there	is	another	token	in	the	input	stream	and	it	can	be	interpreted	as	the	correspond	ing	base	type,	Type,	where	Type	can	be	Boolean,	Byte,	Double,	Float,	Int,	Long,	or	Short.	nextTypeO:	Return	the	next	token	in	the	input	stream,	returned	as	the	base	type	corresponding	to	Type;	generate	an	error	if	there	are
no	more	tokens	left	or	if	the	next	token	cannot	be	interpreted	as	a	base	type	corresponding	to	Type.	Additionally,	Scanner	objects	can	process'	input	line	by	line,	ignoring	delim 	iters,	and	even	look	for	patterns	within	lines	while	doing	so.	The	methods	for	processing	input	in	this	way	include	the	following:	hasNextLineO:	Returns	true	if	and	only	if	the
input	stream	has	another	line	of	text.	nextLineO:	Advances	the	input	past	the	current	line	ending	and	re	turns	the	input	that	was	skipped.	findlnLine(String	s):	Attempts	to	find	a	string	matching	the	(regular	expres	sion)	pattern	5	in	the	current	line.	If	the	pattern	is	found,	it	is	returned	and	the	scanner	advances	to	the	first	char	acter	after	this	match.
If	the	pattern	is	not	found,	the	scanner	returns	null	and	doesn't	advance.	These	methods	can	be	used	with	those	above,	as	well	as	in	the	following:	Scanner	input	=	new	Scanner(System.in);	System.Qut.print("Please	enter	an	integer:	");	while	(!input.hasNextlntO)	{	.	input.nextLineO;	System.out.print("That's	not	an	integer;	please	enter	an	integer:	n);
}	int	i	input.nextintO;	Chapter	1.	lava	Programming	Basics	42	1.7	An	Example	Program	In	this	section,	we	describe	a	simple	example	Java	program	that	illustrates	many	of	the	constructs	defined	above.	Our	example	consists	of	two	classes,	one,	Cred	itCard,	that	defines	credit	card	objects,	and	another,	Test,	that	tests	the	function	ality	of	CreditCard
class.	The	credit	card	objects	defined	by	the	CreditCard	class	are	simplified	versions	of	traditional	credit	cards.	They	have	identifying	numbers,	identifying	information	about	their	owners	and	their	issuing	bank,	and	information	about	their	current	balance	and	credit	limit.	They	do	not	charge	interest	or	late	payments,	however,	but	they	do	restrict
charges	that	would	cause	a	card's	balance	to	go	over	its	spending	limit.	The	CreditCard	Class	We	show	the	CreditCard	class	in	Code	Fragment	1.5.	Note	that	the	CreditCard	class	defines	five	instance	variables,	all	of	which	are	private	to	the	class,	and	it	provides	a	simple	constructor	that	initializes	these	instance	variables.	It	also	defines	five	accessor
methods	that	provide	access	to	the	current	values	of	these	instance	variables.	Of	course,	we	could	have	alternatively	defined	the	instance	variables	as	being	public,	which	would	have	made	the	accessor	methods	moot.	The	disadvantage	with	this	direct	approach,	however,	is	that	it	allows	users	to	modify	an	object's	instance	variables	directly,	whereas
in	many	cases	such	as	this,	we	prefer	to	restrict	the	modification	of	instance	variables	to	special	update	methods.	We	include	two	such	update	methods,	chargelt	and	makePayment	in	Code	Fragment	1.5.	.	In	addition,	it	is	often	convenient	to	include	action	methods,	which	define	spe	cific	actions	for	that	object's	behavior.	To	demonstrate,	we	have
defined	such	an	action	method,	the	printCard	method,	as	a	static	method,	which	is	also	included	in	Code	Fragment	1.5.	The	Test	Class	We	test	the	CreditCard	class	in	a	Test	class.	Note	the	use	of	an	array,	wallet,	of	CreditCard	objects	here,	and	how	we	are	using	iteration	to	make	charges	and	pay	ments..	We	show	the	complete	code	for	the	Test	class
in	Code	Fragment	1.6.	For	simplicity's	sake,	the	Test	class	does	not	do	any	fancy	graphical	output,	but	simply	sends	its	output	to	the	Java	console.	We	show	this	output	in	Code	Fragment	1.7.	Note	the	difference	between	the	way	we	utilize	the	nonstatic	chargelt	and	make	Payment	methods	and	the	static	printCard	method.	43	1.7.	An	Example	Program
public	class	CreditCard	{	/	/	Instance	variables:	private	String	number;	private	String	name;	private	String	bank;	private	double	balance;	private	int	limit;	/	/	Constructor:	CreditCard(String	no,	String	nm,	String	bk,	double	bal,	int	lim)	{	number	=	no;	name	=	nm;	bank	=	bk;	balance	=	bal;	limit	=	11m;	}	/	/	Accessor	methods:	public	String
getNumber()	{	return	number;	}	public	String	getName()	{	return	name;	}	public	String	get	BankO	{	return	bank;	}	public	double	getBalance()	{	return	balance;	}	public	int	getLimitO	{	return	limit;	}	/	/	Action	methods:	public	boolean	chargelt(	double	price)	{	/	/	Make	a	charge	if	(price	+	balance>	(double)	limit)	return	false;	/	/	There	is	not	enough
money	left	to	charge	it·	balance	price;	return	true;	/	/	The	charge	goes	through	in	this	case	}	,	,	public	void	makePayment(	double	payment)	{	/	/	Make	a	payment	balance	payment;	}	public	static	void	printCard(CreditCard	c)	{	/	/	Print	a	card's	information	System.out.println("Number	=	II	+	c.getNumber());	System.out.println("Name	=	It	+
c.getNameO);	System.out.println("Bank	=	II	+	c.getBankO);	System.out.println("Balance	=	II	+	c.getBalance());	/	/	Implicit	cast	System.out.println(ItLimit	11	+	c.getLimit());	/	/	Implicit	cast	}	}	Code	Fragment	1.5:	The	CreditCard	class.	44	Chapter	1.	Java	Programming	Basics	public	class	Test	{	public	static	void	main(String[)	args)	{	CreditCard
wallet[]	=	new	CreditCard[10];	wallet[O]	=	new	CreditCard(1I5391	0375	9387	5309",	"John	Bowman",	IICalifornia	Savings",	0.0,	2500);	wallet[l]	new	CreditCard("3485	0399	3395	1954	11	,	"John	Bowman",	"California	Federal",	0.0,	3500);	wallet[2)	new	CreditCard("6011	4902	3294	2994",	"John	Bowman",	"California	Finance",	0.0,	5000);	for	(int	i=l;
k=16;	i++)	{	wallet[O).chargelt(	(double)i);	wallet[1).chargelt(2.0*i);	II	implicit	cast	wallet[2].chargelt((double)3*i);	II	explicit	cast	}	for	(int	i=O;	k3;	i++)	{	CreditCard.	printCard(wallet[i]);	while	(wallet[i).getBalanceO	>	100.0)	{	wallet[i)	.makePayment(100.0);	System.out.println("New	balance	=	"	+	wallet[i].getBalanceO);	}	}	}	}	Code	Fragment
1.6:	The	Test	class.	Number	5391	0375	9387	5309	Name	John	Bowman	Bank	=	California	Savings	Balance	=	136.0	Limit	=	2500	New	balance	=	36.0	Number	=	3485	0399	3395	1954	Name	=	John	Bowman	Bank	California	Federal	Balance	=	272.0	Limit	=	3500	New	balance	=	172.0	New	balance	=	72.0	Number	=	6011	4902	3294	2994	Name	=	John
Bowman	Bank	California	Finance	Balance	=	408.0	Limit	=	5000	New	balance	=	308.0	New	,balance	=	208.0	New	balance	=	108.0	New	balance	8.0	Code	Fragment	1.7:	Output	from	the	Test	class.	1.S.	Nested	Classes	and	Packages	1.8	45	Nested	Classes	and	Packages	The	Java	language	takes	a	general	and	useful	approach	to	the	organization	of
classes	into	programs.	Every	stand-alone	public	class	defined	in	Java	must	be	given	in	a	separate	file.	The	file	name	is	the	name	of	the	class	with	a	Java	extension.	So	a	class,	public	class	SmartBoard,	is	defined	in	a	file,	SmartBoardJava.	In	this	section,	we	describe	two	ways	that	Java	allows	multiple	classes	to	be	organized	in	meaningful	ways.	Nested
Classes	Java	allows	class	definitions	to	be	placed	inside,	that	is,	nested	inside	the	defini	tions	of	other	classes.	This	is	a	useful	construct,	which	we	will	exploit	several	times	in	this	book	in	the	implementation	of	data	structures.	The	main	use	for	such	nested	classes	is	to	define	a	class	that	is	strongly	affiliated	with	another	class.	For	example,	a	text
editor	class	may	wish	to	define	a	related	cursor	class.	Defining	the	cursor	class	as	a	nested	class	inside	the	definition	of	the	text	editor	class	keeps	these	two	highly	related	classes	together	in	the	same	file.	Moreover,	it	also	allows	each	of	them	to	access	nonpublic	methods	of	the	other.	One	technical	point	regarding	nested	classes	is	that	the	nested
class	should	be	declared	as	static.	This	declaration	implies	that	the	nested	class	is	associated	with	the	outer	class,	not	an	instance	of	the	outer	class,	that	is,	a	specific	object.	Packages	•	A	set	of	classes,	all	defined	in	a	common	subdirectory,	can	be	a	Java	package.	Every	file	in	a	package	starts	with	the	line:	.	package	packageJ1.ame;	The	subdirectory
containing	the	package	must	be	nam~d	the	same	as	the	package.	We	can	also	define	a	package	in	a	single	file	that	contains	several	class	definitions,	but	when	it	is	compiled,	all	the	classes	will	be	compiled	into	separate	files	in	the	same	subdirectory.	In	Java,	we	can	use	classes	that	are	defined	in	other	packages	by	prefixing	class	names	with	dots
(that	is,	using	the	'.'	character)	that	correspond	to	the	other	packages'	directory	structures.	public	boolean	Tern	perature(T	A.	Measures.Thermometer	thermometer,	int	temperature)	{	//	}	...	Chapter	1.	Java	Programming	Basics	46	The	function	Temperature	takes	a	class	Thermometer	as	a	parameter.	Ther	mometer	is	defined	in	the	TA	package	in	a
subpackage	called	Measures.	The	dots	in	TA.Measures.Thermometer	correspond	directly	to	the	directory	structure	in	the	TA	package.	All	the	extra	typing	needed	to	refer	to	a	class	outside	of	the	current	package	can	get	tiring.	In	Java,	we	can	use	the	import	keyword	to	include	external	classes	or	entire	packages	in	the	current	file.	To	import	an
individual	class	from	a	specific	package,	we	type	the	following	at	the	beginning	of	the	file:	import	packageName	.classNames;	For	example,	we	could	type	package	Project;	import	TA.	Measures.Thermometer;	import	TA.lVleasures.scale;	at	the	beginning	of-a	Project	package	to	indicate	that	we	are	importing	the	classes	named
TA.Measures.Thermometer	and	TA.Measures.Scale.	The	Java	run-time	environment	will	now	search	these	classes	to	match	identifiers	to	classes,	methods,	and	instance	variables	that	we	use	in	our	program.	We	can	also	import	an	entire	package,	by	using	the	following	syntax:	import	(packagel\lame).	*;	For	example:	package	student;	import
TA.Measures.	*;	public	boolean	Temperature(Thermometer	thermometer,	int	temperature)	{	II	...	}	In	the	case	where	two	packages	have	classes	of	the	same	name,	we	must	specif 	ically	reference	the	package	that	contains	a	class.	For	example,	suppose	both	the	package	Gnomes	and	package	Cooking	have	a	class	named	Mushroom.	If	we	provide	an
import	statement	for	both	packages,	then	we	must	specify	which	class	we	mean	as	follows:	Gnomes.Mushroom	shroom	=	new	Gnomes.Mushroom	C'purple	n	);	Cooking.	Mushroom	topping	=	new	Cooking.Mushroom	0;	If	we	do	not	specify	the	package	(that	is,	in	the	previous	example	we	just	use	a	variable	of	type	Mushroom),	the	compiler	will	give	an
"ambiguous	class"	error.	To	sum	up	the	structure	of	a	Java	program,	we	can	have	instance	variables	and	methods	inside	a	class,	and	classes	inside	a	package.	1.9.	Writing	a	Java	Program	1.9	47	Writing	a	Java	Program	The	process	of	writing	a	Java	program	involves	three	fundamental	steps:	1.	Design	2.	Coding	3.	Testing	and	Debugging.	We	briefly
discuss	each	of	these	steps	in	this	section.	1.	9.1	Design	The	design	step	is	perhaps	the	most	important	step	in	the	process	of	writing	a	pro	gram.	For	it	is	in	the	design	step	that	we	decide	how	to	divide	the	workings	of	our	program	into	classes,	we	decide	how	these	classes	will	interact,	what	data	each	will	store,	and	what	actions	each	will	perform.
Indeed,	one	of	the	main	challenges	that	beginning	Java	programmers	face	is	deciding	what	classes	to	define	to	do	the	work	of	their	program.	While	general	prescriptions	are	hard	to	come	by,	there	are	some	general	rules	of	thumb	that	we	can	apply	when	determining	how	to	define	our	classes:	•	Responsibilities:	Divide	the	work	into	different	actors,
each	with	a	different	responsibility.	~ry	to	describe	responsibilities	using	action	verbs.	These	actors	will	form	the	classes	for	the	program.	i	•	Independence:	Define	the	work	for	each	c~ass	to	be	as	independent	from	other	classes	as	possible.	Subdivide	responsibilities	between	classes	so	that	each	class	has	autonomy	over	some	aspect	of	the	program.
Give	data	(as	in	stance	variables)	to	the	class	that	has	jurisdiction	over	the	actions	that	require	access	to	this	data.	•	Behaviors:	So	that	the	consequences	of	each	action	performed	by	a	class	will	be	well	understood	by	other	classes	that	interact	with	it,	define	the	be	haviors	for	each	class	carefully	and	precisely.	These	behaviors	will	define	the	methods
that	this	class	performs.	The	set	of	behaviors	for	a	class	is	some	times	referred	to	as	a	protocol,	for	we	expect	the	behaviors	for	a	class	to	hold	together	as	a	cohesive	unit.	Defining	the	classes,	together	with	theirinstance	variables	and	methods,	determines	.the	design	of	a	Java	program.	A	good	programmer	will	naturally	develop	greater	skill	in
performing	these	tasks	over	time,	as	experience	teaches	him	or	her	to	notice	patterns	in	the	requirements	of	a	program	that	match	patterns	that	he	or	she	has	seen	before.	48	Chapter	1.	Java	Programming	Basics	1.9.2	Pseudo-Code	Programmers	are	often	asked	to	describe	algorithms	in	a	way	that	is	intended	for	human	eyes	only,	prior	to	writing
actual	code.	Such	descriptions	are	caUedpseudo	code.	Pseudo-code	is	not	a	computer	program,	but	is	more	structured	than	usual	prose.	Pseudo-code	is	a	mixture	of	natural	language	and	high-level	programming	constructs	that	describe	the	main	ideas	behind	a	generic	implementation	of	a	data	structure	or	algorithm.	There	really	is	no	precise
definition	of	the	pseudo-code	lan	guage,	however,	because	of	its	reliance	on	natural	language.	At	the	same	time,	to	help	achieve	clarity,	pseudo~code	mixes	natural	language	with	standard	program 	ming	language	constructs.	The	programming	language	constructs	we	choose	are	those	consistent	with	modem	high-Ieve11anguages	such	as	C,	C++,	and
Java.	These	constructs	include	the	following:	•	Expressions:	We	use	standard	mathematical	symbols	to	express	numeric	and	Boolean	expressions.	We	use	the	left	arrow	sign	(f--)	as	the	assignment	operator	in	assignment	statements	(equivalent	to	the	=	operator	in	Java}	and	we	use	the	equal	sign	(=)	as	the	equality	relation	in	Boolean	expressions
(equivalent	to	the	"=="	relation	in	Java).	•	Method	declarations:	Algorithm	name(param1,	param2,	...	)	declares	a	new	method	"name"	and	its	parameters.	•	Decision	structures:	if	condition	then	true-actions	[else	false-actions].	We	use	indentation	to	indicate	what	actions	should	be	included	in	the	true-actions	and	false-actions.	•	While-loops:	while
condition	do	actions.	We	use	indentation	to	iqdicate	what	actions	should	be	included	in	the	loop	actions.	•	Repeat-loops:	repeat	actions	until	condition.	We	use	indentation	to	indicate	what	actions	should	be	included	in	the	loop	actions.	•	For-loops:	for	variable-increment-definition	do	actions.	We	use	indentation	to	indicate	what	actions	should	be
included	among	the	loop	actions.	•	Array	indexing:	A[i]	represents	the	ith	cell	in	the	array	A.	The	cells	of	an	n-celled	array	A	are	indexed	from	A[0]	to	A[n	-1]	(consistent	with	Java).	•	Method	calls:	object.method(args)	(object	is	optional	if	it	is	understood).	•	Method	returns:	return	value.	This	operation	returns	the	value	specified	to	the	method	that
called	this	one.	•	Comments:	{	Comment	goes	here.	}.	We	enclose	comments	in	braces.	When	we	write	pseudo~code,	we	must	keep	in	mind	that	we	are	writing	for	a	human	reader,nota	computer.	Thus,	we	should	strive	to	communicate	high-level	ideas,	not	low-level	implementation	details.	At	the	same	time,	we	should	not	gloss	over	important	steps.
Like	many	forms	of	human	communication,	finding	the	right	balance	is	an	important	skill	that	is	refined	through	practice.	1.9.	Writing	a	Java	Program	49	1.9.3	Coding	As	mentioned	above,	one	of	the	key	steps	in	coding	up	an	object-oriented	program	is	coding	up	the	descriptions	of	classes	and	their	respective	data	and	methods.	In	order	to	accelerate
the	development	of	this	skill,	we	discuss	various	design	pat	terns	for	designing	object-oriented	programs	(see	Section	2.1.3)	at	various	points	throughout	this	text.	These	patterns	provide	templates	for	defining	classes	and	the	interactions	between	these	classes.	Many	programmers	do	their	initial	coding	not	on	a	computer,	but	by	using	eRe	cards.
Class-Responsibility-Collaborator	(CRC)	cards	are	simple	index	cards	that	subdivide	the	work	required	of	a	program.	The	main	idea	behind	this	tool	is	to	have	each	card	represent	a	component,	which	will	ultimately	become	a	class	in	our	program.	We	write	the	name	of	each	component	on	the	top	of	an	index	card.	On	the	left-hand	side	of	the	card,	we
begin	writing	the	responsibilities	for	this	com 	ponent.	On	the	right-hand	side,	we	list	the	collaborators	for	this	component,	that	is,	the	other	components	that	this	component	will	have	to	interact	with	to	perform	its	duties.	The	design	process	iterates	through	an	action/actor	cycle,	where	we	first	identify	an	action	(that	is,	a	responsibility),	and	we	then
detennine	an	actor	(that	is,	a	component)	that	is	best	suited	to	perform	that	action.	The	design	is	complete	when	we	have	assigned	all	actions	to	actors.	By	the	way,	in	using	index	cards	to	begin	our	coding,	we	are	assuming	that	each	component	will	have	a	small	set	of	responsibilities	and	collaborators.	This	assumption	is	no	accident,	for	it	helps	keep
our	programs	manageable.	An	alternative	to	CRC	cards	is	the	use	of	UML	(Unified	Mo~eling	Language)	diagrams	to	express	the	organization	of	a	Program;	and	the	use	of	pseudo-code	to	describe	the	algorithms.	UML	diagrams	are	a	standard	visual	notation	to	express	object-oriented	software	designs.	Several	computer-aided	tools	are	available	to
build	UML	diagrams.	Describing	algorithms	in	pseudo-code,	on	the	other	hand,	is	a	technique	that	we	utilize	throughout	this	book.	Once	we	have	decided	on	the	classes	for	our	program	and	their	responsibilities,	we	are	ready	to	begin	the	actual	coding	on	a	computer.	We	create	the	actual	code	for	the	classes	in	our	program	by	using	either	an
independent	text	editor	(such	as	emacs,	WordPad,	or	vi),	or	the	editor	embedded	in	an	illlegrated	development	environment	(IDE),	such	as	Eclipse	or	Borland	JBuilder.	Once	we	have	completed	coding	for	a	class	(or	package)~	we	compile	this	file	into	working	code.	by	invoking	a	compiler.	If	we	are	not	using	an	IDE,	then	we	compile	our	program	by
calling	a	program,	such	as	j	avac~	en	our	file.	If	we	are	using	an	IDE,	then	we	compile	our	program	by	clicking	the	appropriate	compila	tion	button.	If	we	are	fortunate,	and	our	program	has	no	SJiltax	errors,	then	this	compilation	process	will	create	files	with	a	".	class"	extension.	Chapter	1.	Java	Programming	Basics	50	If	our	program	contains	syntax
errors,	then	these	will	be	identified,	and	we	will	have	to	go	back	into	our	editor	to	fix	the	offending	lines	of	code.	Once	we	have	eliminated	all	syntax	errors,	and	created	the	appropriate	compiled	code,	we	can	run	our	program	by	either	invoking	a	command,	such	as	"j	ava"	(outside	an	IDE),	or	by	clicking	on	the	appropriate	"run"	button	(within	an	IDE).
When	a	Java	program	is	run	in	this	way,	the	run-time	environment	locates	the	directories	containing	the	named	class	and	any	other	classes	that	are	referenced	from	this	class	according	to	a	special	operating	system	environment	variable.	This	variable	is	named	"CLASS	PATH,"	and	the	order	of	directories	to	search	in	is	given	as	a	list	of	directories,
which	are	separated	by	colons	in	UnixlLinux	or	semicolons	in	DOSlWindows.	An	example	CLASSPATH	assignment	in	the	DOSlWindows	operating	system	could	be	the	following:	SET	CLASSPATH=.;C:\java;C:\Program	Files\Java\	Whereas	an	example	CLASSPATH	assignment	in	the	UnixlLinux	operating	system	could	be	the	following:	setenv
CLASSPATH	",	:/usr/local/java/lib:/usr/netscape/classes"	In	both	cases,	the	dot	(".")	refers	to	the	current	directory	in	which	the	run-time	environment	is	invoked.	Javadoc	In	order	to	encourage	good	use	of	block	comments	and	the	automatic	production	of	documentation,	the	Java	programming	environment	comes	with	a	documentation	production
program	calledjavadoc.	This	program	takes	a	collection	of	Java	source	files	that	have	been	commented	using	certain	keywords,	called	tags,	and	it	produces	a	series	of	HTML	documents	that	describe	the	classes,	methods,	variables,	and	constants	contained	in	these	files.	For	space	reasons,	we	have	not	used	javadoc	style	comments	in	all	the	example
programs	included	in	this	book,	but	we	include	a	javadoc	example	in	Code	Fragment	1.8	as	well	as	other	examples	at	the	Web	site	that	accompanies	this	book.	Eachjavadoc	comment	is	a	block	comment	that	starts	with	"/**"	and	ends	with	"*/,"	and	each	line	between	these	two	can	begin	with	a	single	asterisk,	"*,"	which	is.	ignored~	.The	block	comment
is	assumed	to	start	with	a	descriptive	sentence,	followed	by	a	blank	line,	which	is	followed	by	special	lines	that	begin	with	javadoc	tags.	A	block	comment	that	comes	just	before	a	class	definition,	instance	variable	declaration,	or	method	definition,	is	processed	by	javadoc	into	a	comment	about	that	class,	variable,	or	method.	Ii	u	il	~	1j	~	f	fi	I	ti	ij	Ii~r
1.9.	Writing	a	Java	Program	/**	*	This	class	defines	an	*	*	@author	51	immutable	(x,y)	point	in	the	plane.	Michael	Goodrich	*/	public	class	XYPoint	{	private	double	x,y;	/	/	private	instance	variables	for	the	coordinates	/**	*	Construct	an	(x,y)	point	at	a	specified	location.	*	*	@param	xCoor	The	x-coordinate	of	the	point	*	@param	yCoor	The	y-coordinate
of	the	point	*/	public	XYPoint(double	xCoor,	double	yCoor)	{	x	xCoor;	y	=	yCoor;	}	/**	*	Return	x-coordinate	value.	*	*	@return	x-coordinate	*/	public	double	getXO	{	return	x;	}	/**	*	Return	y-coordinate	value.	*	*	@return	y-coordinate	*/	public	double	getYO	{	return	y;	}	}	Code	Fragment	1.8:	An	example	class	definition	using	javadoc-style	comments.
Note	that	this	class	includes	two	instance	variables,	one	constructor,	and	two	ac	cessor	methods.	Chapter	1.	Java	Programming	Basics	52	The	primary	javadoc	tags	are	the	following:	•	@author	text:	Identifies	each	author	(one	per	line)	for	a	class.	•	@exception	exception-name	description:	Identifies	an	error	condition	that	is	signaled	by	this	method
(see	Section	2.3).	•	@param	parameter-name	description:	Identifies	a	parameter	accepted	by	this	method.	•	@return	description:	Describes	the	return	type	and	its	range	of	values	for	a	method.	There	are	other	tags	as	well;	the	interested	reader	is	referred	to	on-line	documenta	tion	for	javadoc	for	further	discussion.	Readability	and	Style	Programs
should	be	made	easy	to	read	and	understand.	Good	programmers	should	therefore	be	mindful	of	their	coding	style,	and	develop	a	style	that	communicates	the	important	aspects	of	a	program's	design	for	both	humans	and	computers.	Much	has	been	written	about	good	coding	style,	with	some	of	the	main	princi	ples	being	the	following:	•	Use
meaningful	names	for	identifiers.	Try	to	choose	names	that	can	be	read	aloud,	and	choose	names	that	reflect	the	action,	responsibility,	or	data	each	identifier	is	naming.	The	tradition	in	most	Java	circles	is	to	capitalize	the	first	letter	of	each	word	in	an	identifier,	except	for	the	first	word	in	an	identifier	for	a	variable	or	method.	So,	in	this	tradition,
"Date,"	"Vector,"	"DeviceMan	ager"	would	identify	classes,	and	'isFuIlO,"	"insertltemO,"	"studentName,"	and	"studentHeight"	would	respectively	identify	methods	and	variables.	-	i	•	Use	named	constants	or	enum	types	instead	of	literals.	Readability,	robust	ness,	and	modifiability	are	enhanced	if	we	include	a	series	of	definitions	of	named	constant
values	in	a	class	definition.	These	can	then	be	used	within	this	class	and	others	to	refer	to	special	values	for	this	class.	The	tradition	in	Java	is	to	fully	capitalize	such	constants,	as	shown	below:	public	class	Student	public	static	final	public	static	final	public	static	final	public	static	final	public	static	final	public	static	final	II	{	int	int	int	int	int	int
MII'LCREDITS	=	12;	II	min.	credits	in	a	term	MAX_CREDITS	=	24;	II	max.	credits	in	a	term	FRESHMAN	1;	II	code	for	freshman	SOPHOMORE	=	2;	II	code	for	sophomore	JUNIOR	=	3;	II	code	for	junior	SENIOR	=	4;	II	code	for	senior	Instance	variables,	constructors,	and	method	definitions	go	here...	}	•	Indent	statement	blocks.	Typically



programmers	indent	each	statement	block	by	4	spaces;	in	this	book	we	typically	use	2	spaces,	however,	to	avoid	having	our	code	overrun	the	book's	margins.	f	I	1.9.	Writing	a	Java	Program	53	•	Organize	each	class	in	the	following	order:	1.	Constants	2.	Instance	variables	3.	Constructors	4.	Methods.	We	note	that	some	Java	programmers	prefer	to	put
instance	variable	defini	tions	last.	We	put	them	earlier	so	that	we	can	read	each	class	sequentially	and	understand	the	data	each	method	is	working	with.	•	Use	comments	that	add	meaning	to	a	program	and	explain	ambiguous	or	confusing	constructs.	In-line	comments	are	good	for	quick	explanations	and	do	not	need	to	be	sentences.	Block	comments
are	good	for	explaining	the	purpose	of	a	method	and	complex	code	sections.	1.9.4	Testing	and	Debugging	Testing	is	the	process	of	experimentally	checking	the	correctness	of	a	program,	while	debugging	is	the	process	of	tracking	the	execution	of	a	program	and	discov	ering	the	errors	in	it.	Testing	and	debugging	are	often	the	most	time-consuming
activity	in	the	development	of	a	program.	Testing	A	careful	testing	plan	is	an	essential	part	of	writing	a	program.	While	verifying	the	correctness	of	a	program	over	all	possible	inputs	is	usually	infeasible,	we	should	aim	at	executing	the	program	on	a	representative	subset	of	inp~ts.	At	the	very	minimum,	we	should	make	sure	that	every	method	ih	the
program	is	tested	at	least	once	(method	coverage).	Even	better,	each	code	statement	in	the	program	should	be	executed	at	least	once	(statement	coverage).	Programs	often	tend	to	fail	on	special	cases	of	the	input.	Such	cases	need	to	be	carefully	identified	and	tested.	For	example,	when	testing	a	method	that	sorts	(that	is,	puts	in	order)	an	array	of
integers,	we	should	consider	the	following	inputs:	•	The	array	has	zero	length	(no	elements).	•	The	array	has	one	element.	•	All	the	elements	of	the	array	are	the	same.	•	The	array	is	already	sorted.	•	The	array	is	reverse	sorted.	In	addition	to	special	inputs	to	the	program,	we	should	also	consider	special	conditions	for	the	structures	used	by	the
program.	For	example,	if	we	use	an	array	to	store	data,	we	should	make	sure	that	boundary	cases,	such	as	inserting/removing	at	the	beginning	or	end	of	the	subarray	holding	data,	are	properly	handled.	Chapter	1.	Java	Programming	Basics	54	While	it	is	essential	to	use	hand-crafted	test	suites,	it	is	also	advantageous	to	run	the	program	on	a	large
collection	of	randomly	generated	inputs.	The	Random	class	in	the	java.util	package	provides	several	methods	to	generate	random	numbers.	There	is	a	hierarchy	among	the	classes	and	methods	of	a	program	induced	by	the	caller-callee	relationship.	Namely,	a	method	A	is	above	a	method	B	in	the	hierarchy	if	A	calls	B.	There	are	two	main	testing
strategies,	top-down	and	bottom 	up,	which	differ	in	the	order	in	which	methods	are	tested.	Bottom-up	testing	proceeds	from	lower-level	methods	to	higher-level	methods.	Namely,	bottom-level	methods,	which	do	not	invoke	other	methods,	are	tested	first,	followed	by	methods	that	call	only	bottom-level	methods,	and	so	on.	This	strategy	ensures	that
errors	found	in	a	method	are	not	likely	to	be	caused	by	lower-level	methods	nested	within	it.	Top-down	testing	proceeds	from	the	top	to	the	bottom	of	the	method	hierarchy.	It	is	typically	used	in	conjunction	with	stubbing,	a	boot-strapping	technique	that	replaces	a	lower-level	method	with	a	stub,	a	replacement	for	the	method	that	simu	lates	the
output	of	the	original	method.	For	example,	if	method	A	calls	method	B	to	get	the	first	line	of	a	file,	when	testing	A	we	can	replace	B	with	a	stub	that	returns	a	fixed	string.	Debugging	The	simplest	debugging	technique	consists	of	using	print	statements	(using	method	System.out.println(string))	to	track	the	values	of	variables	during	the	execution	of
the	program.	A	problem	with	this	approach	is	that	the	print	statements	need	to	be	eventually	removed	or	commented	out	before	the	software	is	finally	.	.	released.	i	A	better	approach	is	to	run	the	program	within	a	debugger,	which	is	a	special	ized	environment	for	controlling	and	monitoring	the	execution	of	a	program.	The	basic	functionality	provided
by	a	debugger	is	the	insertion	of	breakpoints	within	the	code.	When	the	program	is	executed	within	the	debugger,	it	stops	at	each	breakpoint.	While	the	program	is	stopped,	the	current	value	of	variables	can	be	inspected.	In	addition	to	fixed	breakpoints,	advanced	debuggers	allow	for	specifi	cation	of	conditional	breakpoints,	which	are	triggered	only
if	a	given	expression	is	satisfied.	The	standard	Java	tools	include	a	basic	debugger	called	jdb,	which	is	command	line	oriented.	IDEs	for	Java	programming	provide	advanced	debugging	environ	ments	with	graphical	user	interfaces.	1.10.	Exercises	1.10	55	Exercises	For	help	with	exercises,	please	visit	the	web	site,	www.wiley.com/go/globallgoodrich.
Reinforcement	R-1.1	Suppose	that	we	create	an	array	A	of	GameEntry	objects,	which	has	an	integer	scores	field,	and	we	clone	A	and	store	the	result	in	an	array	B.	If	we	then	immediately	set	A[4].score	equal	to	550,	what	is	the	score	value	of	the	GameEntry	object	referenced	by	B[4]?	R-1.2	Modify	the	CreditCard	class	from	Code	Fragment	1.5	to
charge	interest	on	each	payment.	R-1.3	Modify	the	CredltCard	class	from	Code	Fragment	1.5	to	charge	a	late	fee	for	any	payment	that	is	past	its	due	date.	R-1.4	Modify	the	Cred	itCard	class	from	Code	Fragment	1.5	to	include	modifier	methods,	which	allow	a	user	to	modify	internal	variables	in	a	CreditCard	class	in	a	controlled	manner.	R-l.5	Modify
the	declaration	of	the	first	for	loop	in	the	Test	class	in	Code	Frag	ment	1.6	so	that	its	charges	will	eventually	cause	exactly	one	of	the	three	credit	cards	to	go	over	its	credit	limit.	Which	credit	card	is	it?	R-1.6	Write	a	short	Java	function,	inputAIiBaseTypes,	that	inputs	a	different	value	of	each	base	type	from	the	standard	input	device	and	prints	it	back
to	the	standard	output	device.	R-1.7	Write	a	Java	class,	Flower,	that	has	three	instance	variabl~s	of	type	String,	int,	and	float,	which	respectively	represent	the	name	of	the	flower,	its	numberof	pedals,	and	price.	Your	class	must	include	a	constructor	method	that	initializes	each	variable	to	an	appropriate	value,	and	your	class	should	include	methods
for	setting	the	value	of	each	type,	and	getting	the	value	of	each	type.	R-1.8	Write	a	short	Java	function,	isMultiple,	that	takes	two	long	values,	nand	m,	and	returns	true	if	and	only	if	n	is	a	multiple	of	m,	that	is,	n	mi	for	some	integer	i.	R-1.9	Write	a	short	Java	function,	isOdd,	that	takes	an	int	i	and	returns	true	if	and	only	if	i	is	odd.	Your	function	cannot
use	the	multiplication,	modulus,	or	division	operators,	however.	R-l.lO	Write	ashbrt'Java	function	that	takes	an	integer	n	and	returns	the	sum	of	all	the	integers	smaller	than	n.	R-1.11	Write	a	short	Java	function	that	takes	an	integer	nand	returns	the	sum	of	all	the	odd	integers	smaller	than	n.	Chapter	1.	Java	Programming	Basics	56	Creativity	C-l.l
Write	a	short	Java	function	that	takes	an	array	of	int	values	and	determines	if	there	is	a	pair	of	numbers	in	the	array	whose	product	is	odd.	C-l.2	Write	a	Java	method	that	takes	an	array	of	int	values	and	determines	if	all	the	numbers	are	different	from	each	other	(that	is,	they	are	distinct).	C-13	Write	a	Java	method	that	takes	an	array	containing	the	set
of	all	integers	in	the	range	1	to	54	and	shuffles	it	into	random	order.	Your	method	should	output	each	possible	order	with	equal	probability.	C-l.4	Write	a	short	Java	program	that	outputs	all	possible	strings	formed	by	using	the	characters	'c',	'a',	'r',	'b',	'0'	,	and	'n'	exactly	once.	C-l.5	Write	a	short	Java	program	that	takes	all	the	lines	input	to	standard
input	and	writes	them	to	standard	output	in	reverse	order.	That	is,	each	line	is	output	in	the	correct	order,	but	the	ordering	of	the	lines	is	reversed.	C-1.6	Write	a	short	Java	program	that	takes	two	aITays	a	and	b	oflength	n	storing	int	values,	and	returns	the	dot	product	of	a	and	b.	That	is,	it	returns	an	array	e	oflength	n	such	that	eU]	=	ali]·	b[il,	for	i	=
0,	...	,n-1.	Projects	P-1.1	Using	either	Java	Internationalization	(which	is	described	on	the	Internet)	or	through	your	own	approach,	rewrite	the	CreditCard	class	so	that	it	can	easily	switch	between	two	different	languages.	P-1.2	(For	those	who	know	Java	graphical	user	interface	methods)	Define	a	GraphicalTest	class	that	tests	the	functionality	of	.the
CreditCard	class	from	Code	Fragment	1.5	using	text	fields	and	buttons.	P-13	The	birthday	paradox	says	that	the	probability	that	two	people	in	a	room	will	have	the	same	birthday	is	more	than	half,	provided	n,	the	number	of	people	in	the	room,	is	more	than	23.	This	property	is	not	really	a	paradox,	but	many	people	find	it	surprising.	Design	a	Java
program	that	can	test	this	paradox	by	a	series	of	experiments	on	randomly	generated	birthdays,	which	test	this	paradox	for	n	=	5,10,15,20,	...	,100.	Chapter	Notes	For	more	detailed	information	about	the	Java	programming	language,	we	refer	the	reader	to	some	of	the	fine	books	about	Java,	including	the	books	by	Arnold,	Gosling	and	Holmes	[7],
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name	implies,	the	main	"actors"	in	the	object-oriented	design	paradigm	are	called	objects.	An	object	comes	from	a	class,	which	is	a	specification	of	the	data	fields,	also	called	instance	variables,	that	the	object	contains,	as	well	as	the	methods	(operations)	that	the	object	can	execute.	Each	class	presents	to	the	outside	world	a	concise	and	consistent
view	of	the	objects	that	are	instances	of	this	class,	without	going	into	too	much	unnecessary	detail	or	giving	others	access	to	the	inner	workings	of	the	objects.	This	view	of	computing	is	intended	to	fulfill	several	goals	and	incorporate	several	design	principles,	which	we	discuss	in	this	chapter.	2.1.1	Object-Oriented	Design	Goals	Software
implementations	should	achieve	robustness,	adaptability,	and	reusabil	ity.	(See	Figure	2.1.)	Robustness	Adaptability	Reusability	Figure	2.1:	Goals	of	object-orienteddesigh.	Robustness	Every	good	programmer	wants	to	develop	software	that	is	correct,	which	means	that	a	program	produces	the	right	output	for	all	the	anticipated	inputs	in	the	pro-
gram's	application.	In	addition,	we	want	software	to	be	robust,	that	is,	capable	of	handling	unexpected	inputs	that	are	not	explicitly	defined	for	its	application.	For	example,	if	a	program	is	expecting	a	positive	integer	(for	example,	representing	the	price	of	an	item)	and	instead	is	given	a	negative	integer,	then	the	program	should	be	able	to	recover
gracefully	from	this	error.	More	importantly,	in	life-critical	appli	cations,	where	a	software	error	can	lead	to	injury	Qr	loss	of	life,	software	that	is	not	robust	could	be·deadly.	This	point	was	driven	home	in	the	late	1980s	in	accidents	involving	Therac-25,	a	radiation:-therapy	machine,	which	severely	overdosed	six	patients	between	1985	and	1987,	some
of	whom	died	from	complications	resulting	from	their	radiation	overdose.	All	six	accidents	were	traced	to	software	errors.	2.1.	Goals,	Principles,	and	Patterns	59	Adaptability	Modem	software	applications,	such	as	Web	browsers	and	Internet	search	engines,	typically	involve	large	programs	that	are	used	for	many	years.	Software,	there	fore,	needs	to
be	able	to	evolve	over	time	in	response	to	changing	conditions	in	its	environment.	Thus,	another	important	goal	of	quality	software	is	that	it	achieves	adaptability	(also	called	evolvability).	Related	to	this	concept	is	portability,	which	is	the	ability	of	software	to	run	with	minimal	change	on	different	hardware	and	operating	system	platforms.	An
advantage	of	writing	software	in	Java	is	the	porta	bility	provided	by	the	language	itself.	Reusability	Going	hand	in	hand	with	adaptability	is	the	desire	that	software	be	reusable,	that	is,	the	same	code	should	be	usable	as	a	component	of	different	systems	in	various	applications.	Developing	quality	software	can	be	an	expensive	enterprise,	and	its	cost
can	be	offset	somewhat	if	the	software	is	designed	in	a	way	that	makes	it	easily	reusable	in	future	applications.	Such	reuse	should	be	done	with	care,	however,	for	one	of	the	major	sources	of	software	errors	in	the	Therac-25	came	from	inappropri	ate	reuse	of	Therac-20	software	(which	was	not	object-oriented	and	not	designed	for	the	hardware
platform	used	with	the	Therac-25).	2.1.2	Object-Oriented	Design	Principles	Chief	among	the	principles	of	the	object-oriented	approach,	which	are	intended	to	facilitate	the	goals	outlined	above,	are	the	following	(see	Figure	2.2):	•	Abstraction	•	Encapsulation	•	Modularity.	ft'	.	8m	»)	-,'v	IID]~D	u:!	f!)	r-.	@"~"~	Abstr~ction	,	•	.	Encapsulation
Modularity	Figure	2.2:	Principles	of	object-oriented	design.	!W';':"'	Chapter	2.	Object-Oriented	Design	60	Abstraction	The	notion	of	abstraction	is	to	distill	a	complicated	system	down	to	its	most	fun	damental	parts	and	describe	these	parts	in	a	simple,	precise	language.	Typically,	describing	the	parts	of	a	system	involves	naming	them	and	explaining
their	func	tionality.	Applying	the	abstraction	paradigm	to	the	design	of	data	structures	gives	rise	to	abstract	data	types	(ADTs).	An	ADT	is	a	mathematical	model	of	a	data	structure	that	specifies	the	type	of	data	stored,	the	operations	supported	on	them,	and	the	types	of	parameters	of	the	operations.	An	ADT	specifies	what	each	opera	tion	does,	but	not
how	it	does	it.	In	Java,	an	ADT	can	be	expressed	by	an	interface,	which	is	simply	a	list	of	method	declarations,	where	each	method	has	an	empty	body.	(We	say	more	about	Java	interfaces	in	Section	2.4.)	An	ADT	is	realized	by	a	concrete	data	structure,	which	is	modeled	in	Java	by	a	class.	A	class	defines	the	data	being	stored	and	the	operations
supported	by	the	objects	that	are	instances	of	the	class.	Also,	unlike	interfaces,	classes	specify	how	the	operations	are	performed	in	the	body	of	each	method.	A	Java	class	is	said	to	implement	an	interface	if	its	methods	include	all	the	methods	declared	in	the	interface,	thus	providing	a	body	for	them.	However,	a	class	can	have	more	methods	than
those	of	the	interface.	Encapsulation	Another	important	principle	of	object-oriented	design	is	the	concept	of	encapsula	tion,	which	states	that	different	components	of	a	software	system	should	norreveal	the	internal	details	of	their	respective	implementations.	Qne	of.the	main	advantages	of	encapsulation	is	that	it	gives	the	programmer	freedom	in
implementing	the	de	tails	of	a	system.	The	only	constraint	on	the	programmer	is	to	maintain	the	abstract	interface	that	outsiders	see.	Modularity	In	addition	to	abstraction	and	encapsulation,	a	fundamental	principle	of	object	oriented	design	is	modularity.	Modern	software	systems	typically	consist	of	sev	eral	different	components	that	must	interact
correctly	in	order	for	the	entire	system	to	work	properly.	Keeping	these	interactions	straight	requires	that	these	different	components	be	well	organized.	In	object-oriented	design,	this	code	structuring	approach	centers	around	the	concept	of	modularity.	Modularity	refers	to	an	orga	nizing	principle	for	code	in	which	different	components	of	a	software
system	are	divided	into	separate	functional	units.	2..1.	Goals,	Principles,	and	Patter-ns	61	Hierarchical	Organization	The	structure	imposed	by	modularity	helps	to	enable	software	reusability.	If	soft	ware	modules	are	written	in	an	abstract	way	to	solve	general	problems,	then	mod	ules	can	be	reused	when	instances	of	these	same	general	problems
arise	in	other	contexts.	For	example,	the	structural	definition	of	a	wall	is	the	same	from	house	to	house,	typically	being	defined	in	terms	of	vertical	studs,	spaced	at	fixed-distance	intervals,	etc.	Thus,	an	organized	architect	can	reuse	his	or	her	wall	definitions	from	one	house	to	another.	In	reusing	such	a	definition,	some	parts	may	require	redefinition,
for	example,	a	wall	in	a	commercial	building	may	be	similar	to	that	of	a	house,	but	the	electrical	system	and	stud	material	might	be	different.	A	natural	way	to	organize	various	structural	components	of	a	software	package	is	in	a	hierarchical	fashion,	which	groups	similar	abstract	definitions	together	in	a	level-by-Ievel	manner	that	goes	from	specific	to
more	general	as	one	traverses	up	the	hierarchy.	A	common	use	of	such	hierarchies	is	in	an	organizational	chart,	where	each	link	going	up	can	be	read	as	"is	a,"	as	in	"a	ranch	is	a	house	is	a	building."	This	kind	of	hierarchy	is	useful	in	software	design,	for	it	groups	together	common	functionality	at	the	most	general	level,	and	views	specialized	behavior
as	an	extension	of	the	general	one.	Building	s	Apartment	Low-rise	Apartment	I	Commercial	Building	House	High-rise	Apartment	I	Two-story	House	I	Ranch	I	Skyscraper	Figure	2.3:	An	example	of	an	"is	a"	hierarchy	involving	architectural	buildings.	62	Chapter	2.	Object-Oriented	Design	2.1.3	Design	Patterns	One	of	the	advantages	of	object-oriented
design	is	that	it	facilitates	reusable,	ro	bust,	and	adaptable	software.	Designing	good	code	takes	more	than	simply	under	standing	object-oriented	methodologies,	however.	It	requires	the	effective	use	of	object-oriented	design	techniques.	Computing	researchers	and	practitioners	have	developed	a	variety	of	organiza	tional	concepts	and	methodologies
for	designing	quality	object-oriented	software	that	is	concise,	correct,	and	reusable.	Of	special	relevance	to	this	book	is	the	con	cept	of	a	design	pattern,	which	describes	a	solution	to	a	"typical"	software	design	problem.	A	pattern	provides	a	general	template	for	a	solution	that	can	be	applied	in	many	different	situations.	It	describes	the	main	elements
of	a	solution	in	an	abstract	way	that	can	be	specialized	for	a	specific	problem	at	hand.	It	consists	of	a	name,	which	identifies	the	pattern,	a	context,	which	describes	the	scenarios	for	which	this	pattern	can	be	applied,	a	template,	which	describes	how	the	pattern	is	applied,	and	a	result,	which	describes	and	analyzes	what	the	pattern	produces.	We
present	several	design	patterns	in	this	book,	and	we	show	how	they	can	be	consistently	applied	to	implementations	of	data	structures	and	algorithms.	These	design	patterns	fall	into	two	groups-patterns	for	solving	algorithm	design	prob	lems	and	patterns	for	solving	software	engineering	problems.	Some	of	the	algo	rithm	design	patterns	we	discuss
include	the	following:	•	•	•	•	•	•	•	Recursion	(Section	3.5)	Amortization	(Section	6.1.4)	Divide-and-conquer	(Section	11.1.1)	i	Prune-and-search,	also	known	as	decrease-and-conquer	(Section	11.5.1)	Brute	force	(Section	1	2	.	3	.	1	)	'	.	The	greedy	method	(Section	12.4.2)	Dynamic	programming	(Section	12.2).	Likewise,	some	of	the	software	engineering
design	patterns	we	discuss	include:	•	•	•	•	•	•	Position	(Section	6.2.2)	Adapter	(Section	6.1.2)	Iterator	(Section	6.3)	Template	method	(Sections	7.3.7,11.4.2,	and	13.3.2)	Composition	(Section	8.1.2)	Comparator	(Section	8.1.2)	.Decorato!(S~ction13.3.l).	Rather	than	explain	each	of	these	concepts	here,	however,	we	introduce	them	throughout	the	text
as	noted	above.	For	each	pattern,	be	it	for	algorithm	engineering	or	software	engineering,	we	explain	its	general	use	and	we	illustrate	it	with	at	least	one	concrete	example.	63	2.2.	Inheritance	and	Polymorphism	2.2	Inheritance	and	Polymorphism	To	take	advantage	of	hierarchical	relationships,	which	are	common	in	software	projects,	the	object-
oriented	design	approach	provides	ways	of	reusing	code.	2.2.1	Inheritance	The	object-oriented	paradigm	provides	a	modular	and	hierarchical	organizing	struc	ture	for	reusing	code,	through	a	technique	called	inheritance.	This	technique	al	lows	the	design	of	general	classes	that	can	be	specialized	to	more	particular	classes,	with	the	specialized	classes
reusing	the	code	from	the	general	class.	The	general	class,	which	is	also	known	as	a	base	class	or	superclass,	can	define	standard	in	stance	variables	and	methods	that	apply	in	a	multitude	of	situations.	A	class	that	specializes,	or	extends,	or	inherits	from,	a	superclass	need	not	give	new	imple	mentations	for	the	general	methods,	for	it	inherits	them.	It
should	only	define	those	methods	that	are	specialized	for	this	particular	subclass.	Example	2.1:	Consider	a	class	5	that	dennes	objects	with	a	neld,	x,	and	three	methods,	aO,	bO,	and	cO.	Suppose	we	were	to	denne	a	class	T	that	extends	5	and	includes	an	additional	neld,	y,	and	two	methods,	dO	and	eO.	The	class	T	would	then	inherit	the	instance
variable	x	and	the	methods	a(),	bO,	and	cO	from	S.	We	illustrate	the	relationships	between	the	class	5	and	the	class	T	in	aclass	inheritance	diagram	in	Figure	2.4.	Each	box	in	such	a	diagram	denotes	a	class,	with	its	name,	nelds	(or	instance	variables),	and	methods	included	as	subrectangles.	class:	S	fields:	X	methods:	I	aO	bO	cO	j	extends	class:	T
fields:	y	methods:	dO	eO	Figure	2.4:	A	class	inheritance	diagram.	Each	box	denotes	a	class,	with	its	name,	fields,	and	methods,	and	an	arrow	between	boxes	denotes	an	inheritance	relation.	Chapter	2.	Object-Oriented	Design	64	Object	Creation	and	Referencing	When	an	object	0	is	created,	memory	is	allocated	for	its	data	fields,	and	these	same	fields
are	initialized	to	specific	beginning	values.	Typically,	one	associates	the	new	object	0	with	a	variable,	which	serves	as	a	"link"	to	object	0,	and	is	said	to	reference	o.	When	we	wish	to	access	object	0	(for	the	purpose	of	getting	at	its	fields	or	executing	its	methods),	we	can	either	request	the	execution	of	one	of	o's	methods	(defined	by	the	class	that	0
belongs	to),	or	look	up	one	of	the	fields	of	o.	Indeed,	the	primary	way	that	an	object	p	interacts	with	another	object	0	is	for	p	to	send	a	"message"	to	0	that	invokes	one	of	o's	methods,	for	example,	for	0	to	print	a	description	of	itself,	for	0	to	convert	itself	to	a	string,	or	for	0	to	return	the	value	of	one	of	its	data	fields.	The	secondary	way	that	p	can
interact	with	0	is	for	p	to	access	one	of	o's	fields	directly,	but	only	if	0	has	given	other	objects	like	p	permission	to	do	so.	For	example,	an	instance	ofthe	Java	class	Integer	stores,	as	an	instance	variable,	an	integer,	and	it	provides	several	operations	for	accessing	this	data,	including	methods	for	converting	it	into	other	number	types,	for	converting	it	to
a	string	of	digits,	and	for	converting	strings	of	digits	to	a	number.	It	does	not	allow	for	direct	access	of	its	instance	variable,	however,	for	such	details	are	hidden.	Dynamic	Dispatch	0:	When	a	program	wishes	to	invoke	a	certain	method	aO	of	some	'object	it	sends	a	message	to	0,	which	is	usually	denoted,	using	the	dot-,operator	syntax	(Sec	tion	1.3.2),
as	"o.aO."	In	the	compiled	version	of	this	program,	the	code	corre	sponding	to	this	invocation	directs	the	run-time	environment	to	examine	o's	class	T	to	determine	if	the	class	T	supports	an	aO	method,	and,	if	so,	to	execute	it.	Specif 	ically,	the	run-time	environment	examines	the	class	T	to	see	if	it	defines	an	aO	method	itself.	If	it	does,	then	this	method
is	executed.	If	T	does	not	define	an	aO	method,	then	the	run-time	environment	examines	the	superclass	S	of	T.	If	S	defines	aO,	then	this	method	is	executed.	If	S	does	not	define	aO,	on	the	other	hand,	then	the	run-time	environment	repeats	the	search	at	the	superclass	of	S.	This	search	con	tinues	up	the	hierarchy	of	classes	until	it	either	finds	an	aO
method,	which	is	then	executed,	or	it	reaches	a	topmost	class	(for	example,	the	Object	class	in	Java)	with	out	an	aO	method,	which	generates	a	run-time	error.	The	algorithm	that	processes	the	message	o.aO	to	find	the	specific	method	to	invoke	is	called	the	dynamic	dis	patch	(ordynamichinding)	algorithm,	which	provides	an	effective	mechanism	for
locating	reused	software.	It	also	allows	for	another	powerful	technique	of	object	oriented	programming-polymorphism.	2.2.	Inheritance	and	Polymorphism	2.2.2	6S	Polymorphism	Literally,	"polymorphism"	means	"many	forms."	In	the	context	of	object-oriented	design,	it	refers	to	the	ability	of	an	object	variable	to	take	different	forms.	Object	oriented
languages,	such	as	Java,	address	objects	using	reference	variables.	The	reference	variable	0	must	define	which	class	of	objects	it	is	allowed	to	refer	to,	in	terms	of	some	class	5.	But	this	implies	that	0	can	also	refer	to	any	object	belonging	to	a	class	T	that	extends	5.	Now	consider	what	happens	if	5	defines	an	aO	method	and	T	also	defines	an	aO
method.	The	dynamic	dispatch	algorithm	for	method	invocation	always	starts	its	search	from	the	most	restrictive	class	that	applies.	When	o	refers	to	an	object	from	class	T,	then	it	will	use	1's	aO	method	when	asked	for	o.aO,	not	5's.	In	this	case,	T	is	said	to	override	method	aO	from	5.	Alternatively,	when	0	refers	to	an	object	from	class	5	(that	is	not
also	a	T	object),	it	will	execute	5's	aO	method	when	asked	for	o.aO.	Polymorphism	such	as	this	is	useful	because	the	caller	of	o.a	()	does	not	have	to	know	whether	the	object	0	refers	to	an	instance	of	Tor	5	in	order	to	get	the	aO	method	to	execute	correctly.	Thus,	the	object	variable	o	can	be	polymorphic,	or	take	many	forms,	depending	on	the	specific
class	of	the	objects	it	is	referring	to.	This	kind	of	functionality	allows	a	specialized	class	T	to	extend	a	class	5,	inherit	the	standard	methods	from	5,	and	redefine	other	methods	from	5	to	account	for	specific	properties	of	objects	of	T.	Some	object-oriented	languages,	such	as	Java,	also	provide	a	useful	technique	related	to	polymorphism,	which	is	called
method	overloading.	Overloading	occurs	when	a	single	class	T	has	mUltiple	methods	with	the	same	name,	provided	each	one	has	a	different	signature.	The	signature	of	a	method	is	~	combin1ttion	of	its	name	and	the	type	and	number	of	arguments	that	"are	passed	to	it.	Thus,	even	though	multiple	methods	in	a	class	can	have	the	same	name,	they	can
be	distinguished	by	a	compiler,	provided	they	have	different	signatures,	that	is,	are	different	in	actuality.	In	languages	that	allow	for	method	overloading,	the	run-time	environment	deter	mines	which	actual	method	to	invoke	for	a	specific	method	call	by	searching	up	the	class	hierarchy	to	find	the	first	method	with	a	signature	matching	the	method
being	invoked.	For	example,	suppose	a	class	T,	which	defines	a	method	aO,	extends	a	class	U,	which	defines	a	method	a(x,y).	If	an	object	0	from	class	T	receives	the	message	"o.a(x,y),"	then	it	is	U's	version	of	method	a	that	is	invoked	(with	the	two	parameters	x	and	y).	Thus,	true	polymorphism	applies	only	to	methods	that	have	the	same	signature,	but
are	defined	in	different	classes.	.Inheritance,	polymorphism,	and	method	overloading	support	the	development	of	reusable	software.	We	can	define	classes	that	inherit	the	standard	instance	vari	ables	and	methods	and	can	then	define	new	more-specific	instance	variables	and	methods	that	deal	with	special	aspects	of	objects	of	the	new	class.	66
Chapter	2.	Object-Oriented	Design	2.2.3	Using	Inheritance	in	Java	There	are	two	primary	ways	of	using	inheritance	of	classes	in	Java,	specialization	and	extension.	Specialization	In	using	specialization	we	are	specializing	a	general	class	to	particular	subclasses.	Such	subclasses	typically	possess	an	"is	a"	relationship	to	their	superclass.	A	sub	class
then	inherits	all	the	methods	of	the	superclass.	For	each	inherited	method,	if	that	method	operates	correctly	independent	of	whether	it	is	operating	for	a	special	ization,	no	additional	work	is	needed.	If,	on	the	other	hand,	a	general	method	of	the	superclass	would	not	work	correctly	on	the	subclass,	then	we	should	override	the	method	to	have	the
correct	functionality	for	the	subclass.	For	example,	we	could	have	a	general	class,	Dog,	which	has	a	method	drink	and	a	method	sniff.	Specializ	ing	this	class	to	a	Bloodhound	class	would	probably	not	require	that	we	override	the	drink	method,	as	all	dogs	drink	pretty	much	the	same	way.	But	it	could	require	that	we	override	the	sniff	method,	as	a
Bloodhound	has	a	much	more	sensitive	sense	of	smell	than	a	standard	dog.	In	this	way,	the	Bloodhound	class	specializes	the	methods	of	its	superclass,	Dog.	Extension	In	using	extension,	on	the	other	hand,	we	utilize	inheritance	to	reuse	the	code	writ	ten	for	methods	of	the	superclass,	but	we	then	add	new	methods	that	are	not	present	in	the
superclass,	so	as	to	extend	its	functionality.	For	example,	returning'to	our	Dog	class,	we	might	wish	to	create	a	subclass,	BorderCollie,	which	inherits	all	the	standard	methods	of	the	Dog	class,	but	then	adds	a	new	method,	herd,	since	Border	Collies	have	a	herding	instinct	that	is	not	present	in	standard	dogs.	By	adding	the	new	method,	we	are
extending	the	functionality	of	a	standard	dog.	In	Java,	each	class	can	extend	exactly	one	other	class.	Even	if	a	class	definition	makes	no	explicit	use	of	the	extends	clause,	it	still	inherits	from	exactly	one	other	class,	which	in	this	case	is	class	java.lang.Object.	Because	of	this	property,	Java	is	said	to	allow	only	for	single	inheritance	among	classes.	Types
of	Method	Overriding	Inside	the	declaration	of	a	new	class,	Java	uses	two	kinds	of	method	overriding,	re	finement	and	replacement.	In	the	replacement	type	of	overriding,	a	method	com 	pletely	replaces	the	method	of	the	superclass	that	it	is	overriding	(as	in	the	sniff	method	of	Bloodhound	mentioned	above).	In	Java,	all	regular	methods	of	a	class
utilize	this	type	of	overriding	behavior.	::~~r~,	2.2.	Inheritance	and	Polymorphism	67	In	the	refinement	type	of	overriding,	however,	a	method	does	not	replace	the	.	method	of	its	superclass,	but	instead	adds	additional	code	to	that	of	its	superclass.	In	Java,	all	constructors	utilize	the	refinement	type	of	overriding,	a	scheme	called	constructor	chaining.
Namely,	a	constructor	begins	its	execution	by	calling	a	con	structor	of	the	superclass.	This	call	can	be	made	explicitly	or	implicitly.	To	call	a	constructor	of	the	superclass	explicitly,	we	use	the	keyword	super	to	refer	to	the	superclass.	(For	example,	su	perO	calls	the	constructor	of	the	superclass	with	no	arguments.)	If	no	explicit	call	is	made	in	the
body	of	a	constructor,	however,	the	compiler	automatically	inserts,	as	the	first	line	of	the	constructor,	a	call	to	superO.	(There	is	an	exception	to	this	general	rule,	which	is	discussed	in	the	next	section.)	Summarizing,	in	Java,	constructors	use	the	refinement	type	of	method	overriding	whereas	regular	methods	use	replacement.	The	Keyword	this
Sometimes,	in	a	Java	class,	it	is	convenient	to	reference	the	current	instance	of	that	class.	Java	provides	a	keyword,	called	this,	for	such	a	reference.	Reference	this	is	useful,	for	example,	if	we	would	like	to	pass	the	current	object	as	a	parameter	to	some	method.	Another	application	of	this	is	to	reference	a	field	inside	the	current	object	that	has	a	name
clash	with	a	variable	defined	in	the	current	block,	as	shown	in	the	program	given	in	Code	Fragment	2.1.	public	class	ThisTester	{	public	int	dog	=	2;	/	/	instance	variable	public	void	clobberO	{	int	dog	=	5;	/	/	a	diffe-rent	dog!	System.out.println(IIThe	dog	local	variab~e	=	",	+	dog);	System.out.println(IIThe	dog	field	=	II	+	this.do"g);	}	public	static
void	main(String	args[])	{	ThisTester	t	new	ThisTester();	t.dobber();	i	}	}	Code	Fragment	2.1:	Sample	program	illustrating	the	use	of	reference	this	to	dis	ambiguate	between	a	field	of	the	current	object	and	a	local	variable	with	the	same	name.	When	this	program	is	executed,	.itprints	the	following:	The	dog	local	variable	The	dog	field	=	2	=5	Chapter
2.	Object-Oriented	Design	68	An	Illustration	of	Inheritance	in	Java	To	make	some	of	the	notions	above	about	inheritance	and	polymorphism	more	concrete,	let	us	consider	some	simple	examples	in	Java.	In	particular,	we	consider	a	series	of	several	classes	for	stepping	through	and	printing	out	numeric	progressions.	A	numeric	progression	is	a	sequence
of	num 	bers,	where	each	number	depends	on	one	or	more	of	the	previous	numbers.	For	example,	an	arithmetic	progression	determines	the	next	number	by	addition	and	a	geometric	progression	determines	the	next	number	by	multiplication.	In	any	case,	a	progression	requires	a	way	of	defining	its	first	value	and	it	needs	a	way	of	identifying	the
current	value	as	welL	We	begin	by	defining	a	class,	Progression,	shown	in	Code	Fragment	2.2,	which	defines	the	standard	fields	and	methods	of	a	numeric	progression.	Specifically,	it	defines	the	following	two	long-integer	fields:	•	first:	first	value	of	the	progression;	•	cur:	current	value	of	the	progression;	and	the	following	three	methods:	firstValueO:
Reset	the	progression	to	the	first	value,	and	return	that	value.	nextValueO:	Step	the	progression	to	the	nex(value	and	return	that	value.	printProgression(n):	Reset	the	progression	and	print	the	first	n	values	of	the	_progression.	We	say	that	the	method	printProgression	has	no	output	in	the	sense	that	it	does	not	return	any	value,	whereas	the	methods
firstValue	and	nextValue	both	return	long-integer	values.	That	is,	firstValue	and	nextValue	are	functions,	and	printPro	gression	is	a	procedure.	The	Progression	dassalso	includes	a	method	ProgressionO,	which	is	a	con	structor.	Recall	that	constructors	set	up	all	the	instance	variables	at	the	time	an	object	of	this	class	is	created.	The	Progression	class	is
meant	to	be	a	general	super	class	from	which	specialized	classes	inherit,	so	this	constructor	is	code	that	will	be	included	in	the	constructors	for	each	class	that	extends	the	Progression	class.	69	2.2.	Inheritance	and	Polymorphism	/**	*	A	class	for	numeric	progressions.	*/	public	class	Progression	{	/**	First	value	of	the	progression.	protected	long	first;
/**	*/	Current	value	of	the	progression.	protected	long	cur;	/**	Default	constructor.	ProgressionO	{	cur	=	first	=	0;	*/	*/	}	/**	Resets	the	progression	*	*	©return	first	value	*/	to	the	first	value.	protected	long	firstValueO	{	cur	=	first;	return	cur;	}	/**	Advances	the	progression	to	the	next	*	*	©return	next	value	of	the	progression	*/	value.	protected	long
nextValueO	{	return	++cur;	/	/	default	next	value	}	/**	Prints	the	first	n	values	of	the	progression.	*	*	©param	n	number	of	values	to	print	*/	public	void	printProgression(int	n)	{	}	System	.out.	print(firstValueO);	for	(int	i	=	2;	i	A.length.	sort(A):	Sorts	the	array	A	based	on	a	natural	ordering	of	its	el	ements,	which	must	be	comparable.	This	methods
uses	the	quick-sort	algorithm	discussed	in	Section	11.2.	toString(A):	Returns	a	String	representation	of	the	array	A,	which	is	a	comma-separated	list	of	the	elements	of	A,	ordered	as	they	appear	inA,	beginning	with	[and	ending	with].	The	string	representation	of	an	elementA[i]	is	obtained	using	String.valueOf(A[i]),	which	returns	the	string	"null"	for	a
null	object	and	otherwise	calls	A[i].toStringO.	For	example,	the	following	string	would	be	returned	by	the	method	toString	called	on	an	array	of	integers	A	=	[4,5,2,3,5,7,10]:	[4,	5,	2,	3,	5,	7,	10]	3.1.	Using	Arrays	107	Pseudo-Random	Number	Generation	Another	feature	built	into	Java,	which	is	often	useful	when	testing	programs	dealing	with	arrays,	is
the	ability	to	generate	pseudo-random	numbers,	that	is,	numbers	that	are	statistically	random	(but	not	necessarily	truly	random).	In	particular,	Java	has	a	built-in	class,	java.utiI.Random,	whose	instances	are	pseudo-random	number	generators,	that	is,	objects	that	compute	a	sequence	of	numbers	that	are	statistically	random.	These	sequences	are	not
actually	random,	however,	in	that	it	is	possible	to	predict	the	next	number	in	the	sequence	given	the	past	list	of	numbers.	Indeed,	a	popular	pseudo-random	number	generator	is	to	generate	the	next	number,	next,	from	the	current	number,	cur,	according	to	the	formula	(in	Java	syntax):	next	=(a*cLlr	+	b)	%	n;	where	a,	b,	and	n	are	appropriately
chosen	integers.	Something	along	these	lines	is,	in	fact,	the	method	used	by	java.util.Random	objects,	with	n	=	248.	It	turns	out	that	such	a	sequence	can	be	proven	to	be	statistically	uniform,	which	is	usually	good	enough	for	most	applications	requiring	random	numbers,	such	as	games.	For	applications,	such	as	computer	security	settings,	where	one
needs	unpredictable	random	sequences,	this	kind	of	formula	should	not	be	used.	Instead,	one	should	ideally	sample	from	a	source	that	is	actually	random,	such	as	radio	static	coming	from	outer	space.	Since	the	next	number	in	a	pseudo-random	generator	is	determined	by	the	pre	vious	number(s),	such	a	generator	always	needs	a	place	to	start,	which
is	called	its	seed.	The	sequence	of	numbers	generated	for	a	given	seed	will	always	be	the	same.	The	seed	for	an	instance	of	the	java.util.Random	class	can	be	serin	its	constructor	or	with	its	setSeedO	method.	One	common	trick	to	get	a	different	sequence	each	time	a	program	is	run	is	to	use	a	seed	that	will	be	different	for	each	run.	For	example,	we
could	use	some	timed	input	from	a	user	or	we	could	set	the	seed	to	the	current	time	in	milliseconds	since	January	1,	1970	(provided	by	method	System.currentTimeMillis).	Methods	of	the	java.util.Random	class	include	the	following:	nextBooleanO:	Returns	the	next	pseudo-random	boolean	value.	nextFloatO:	Returns	the	next	pseudo-random	float
value,	between	0.0	and	1.0.	nextl	ntO:	Returns	the	next	pseudo-random	int	value.	nextlnt(n):	Returns	the	next	pseudo-random	int	value	in	the	range	[O,n).	setSeed(s):	Sets	the	seed	of	this	pseudo-random	number	generator	to	the	long	s.	Chapter	3.	Arrays,	Linked	Lists,	and	Recursion	108	An	Illustrative	Example	We	provide	a	short	(but	complete)
illustrative	program	in	Code	Fragment	3.8.	import	java.utiI.Arrays;	import	java.util.Random;	/**	Program	showing	some	array	uses.	*/	public	class	ArrayTest	{	public	static	void	main(String[]	args)	{	int	num[]	new	int[lO];	Random	rand	new	RandomO;	/	/	a	pseudo-random	number	generator	rand.setSeed(System.currentTimeMillisO);	/	/	use	current	time
as	a	seed	/	/	fill	the	num	array	with	pseudo-random	numbers	from	0	to	99,	inclusive	for	(int	i	=	0;	i	<	num.length;	i++)	num[i]	=	rand.nextlnt(lOO);	/	/	the	next	pseudo-random	number	int[]	old	(int[])	num.cloneO;	/	/	cloning	the	num	array	System.out.println(lIarrays	equal	before	sort:	II	+	Arrays.equals(old,num));	Arrays.sort(num);	/	/	sorting	the	num
array	(old	is	unchanged)	System.out.println("arrays	equal	after	sort:	II	+	Arrays.equals(old,num));	System	.out.println(	II	old	=	II	+	Arrays.toString(old));	System.out.println("num	=	It	+	Arrays.toString(num));	}	}	Code	Fragment	3.8:	A	simple	test	of	some	built-in	methods	in	java.util.Arrays.	We	show	a	sample	output	of	this	program	below:	arrays
equal	before	sort:	true	arrays	equal	after	sort:	false	old	=	[41,38,48,12,28,46,33,19,10,58]	num	[10,12,19,28,33,38,41,46,48,58]	In	another	run,	we	got	the	following	output:	arrays	equal	before	sort:	true	arrays	equal	after	sort:	false	old	=	[87,49,70,2,59,37,63,37,95,1]	num	=	[1,2,37,37,49,59,63,70,87,95]	By	using	a	pseudo-random	number	generator
to	determine	program	values,	we	get	a	different	input	to	our	program	each	time	we	run	it.	This	feature	is,	in	fact,	what	makes	pseudo-random	number	generators	useful	for	testing	code,	particularly	when	dealing	with	arrays.	Even	so,	we	should	not	use	random	test	runs	as	a	replacement	for	reasoning	about	our	code,	as	we	might	miss.important
special	cases	in	test	runs.	Ndte;	for	example,thattheie	is	a	slight	chance	that	the	old	and	num	arrays	will	be	equal	even	after	num	is	sorted,	namely,	if	num	is	already	sorted.	The	odds	of	this	occurring	are	less	than	one	in	four	million,	so	it's	unlikely	to	happen	during	even	a	few	thousand	test	runs;	hence,	we	need	to	reason	that	this	is	possible.	109	3.1.
Using	Arrays	3.1.4	Simple	Cryptography	with	Strings	and	Character	Arrays	One	of	the	primary	applications	of	arrays	is	the	representation	of	strings	of	charac	ters.	That	is,	string	objects	are	usually	stored	internally	as	an	array	of	characters.	Even	if	strings	may	be	represented	in	some	other	way,	there	is	a	natural	relationship	between	strings	and
character	arrays-both	use	indices	to	refer	to	their	characters.	Because	of	this	relationship,	Java	makes	it	easy	for	us	to	create	string	objects	from	character	arrays	and	vice	versa.	Specifically,	to	create	an	object	of	class	String	from	a	character	array	A,	we	simply	use	the	expression,	new	String(A)	that	is,	one	of	the	constructors	for	the	String	class	takes
a	character	array	as	its	argument	and	returns	a	string	having	the	same	characters	in	the	same	order	as	the	array.	For	example,	the	string	we	would	construct	from	the	array	A	=	[a,	c,	a,	t]	is	acat.	Likewise,	given	a	string	S,	we	can	create	a	character	array	representation	of	S	by	using	the	expression,	S.toCharArrayO	that	is,	the	String	class	has	a
method,	toCharArray,	which	returns	an	array	(of	type	charm	with	the	same	characters	as	S.	For	example,	if	we	call	toCharArray	on	the	string	adog,	we	would	get	the	array	B	=	[a,	d,	0,	g].	The	Caesar	Cipher	One	area	where	being	able	to	switch	from	string	to	character	array	and	back	again	is	useful	is	in	cryptography,	the	science	of	secret	~essages
and	their	applications.	This	field	studies	ways	of	performing	encryption,	which	takes	a	message,	called	the	plaintext,	and	converts	it	into	a	scrambled	message,	called	the	ciphertext.	Likewise,	cryptography	also	studies	corresponding	ways	of	performing	decryption,	which	takes	a	ciphertext	and	turns	it	back	into	its	original	plaintext.	Arguably	the
earliest	encryption	scheme	is	the	Caesar	cipher,	which	is	named	after	Julius	Caesar,	who	used	this	scheme	to	protect	important	military	messages.	(All	of	Caesar's	messages	were	written	in	Latin,	of	course,	which	already	makes	them	unreadable	for	most	of	us!)	The	Caesar	cipher	is	a	simple	way	to	obscure	a	message	written	in	a	language	that	forms
words	with	an	alphabet.	The	Caesar	cipher	involves	replacing	each	letter	in	a	message	with	the	letter	that	is	three	letters	after	it	in	the	alphabet	for	that	language.	So,	in	an	English	message,	we	would	replace	each	A	with	D,	each	B	with	E,	each	C	with	F,	and	so	on.	We	continue	this	approach	all	the	way	up	to	W,	which	is	replaced	with	Z.	Then,	we	let
the	substitution	pattern	wrap	around,	so	that	we	replace	X	with	A,	Y	with	B,	and	Z	with	C.	Chapter	3.	Arrays,	Linked	Lists,	and	Recursion	110	Using	Characters	as	Array	Indices	If	we	were	to	number	our	letters	like	array	indices,	so	that	A	is	0,	B	is	1,	C	is	2,	and	so	on,	then	we	can	write	the	Caesar	cipher	as	a	simple	formula:	Replace	each	letter	i	with
the	letter	(i	+3)	mod	26,	where	mod	is	the	modulus	operator,	which	returns	the	remainder	after	performing	an	integer	division.	This	operator	is	denoted	%in	Java,	and	it	is	exactly	the	operator	we	need	to	easily	perform	the	wrap	around	at	the	end	of	the	alphabet.	For	26	mod	26	is	0,	27	mod	26	is	1,	and	28	mod	26	is	2.	The	decryption	algorithm	for	the
Caesar	cipher	is	just	the	opposite-we	replace	each	letter	with	the	one	three	places	before	it,	with	wrap	around	for	A,	B,	and	C.	We	can	capture	this	replacement	rule	using	arrays	for	encryption	and	decryp	tion.	Since	every	character	in	Java	is	actually	stored	as	a	number-its	Unicode	value-we	can	use	letters	as	array	indices.	For	an	uppercase	character
c,	for	ex	ample,	we	can	use	c	as	an	array	index	by	taking	the	Unicode	value	for	c	and	sub	tracting	A.	Of	course,	this	only	works	for	uppercase	letters,	so	we	will	require	our	secret	messages	to	be	uppercase.	We	can	then	use	an	alTay,	encrypt,	that	represents	the	encryption	replacement	rule,	so	that	encrypt[i]	is	the	letter	that	replaces	letter	number	i
(which	is	c	-	A	for	an	uppercase	character	c	in	Unicode).	This	usage	is	illustrated	in	Figure	3.6.	Likewise,	an	array,	decrypt,	can.represent	the	decryption	replacement	rule,	so	that	decrypt(i]	is	the	letter	that	replaces	letter	number	i.	encrypt	array:	o	1	2	3	4	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	21	22	23	24	25	~	Using	N	as	an	index	-	-	-	"N'	-	'A'	/
=	78	-	65	..,/	Here	is	the	In	Unicode	-	-	13	..····	.....·····replacement	for	N	Figure	3.6:	Illustrating	the	use	of	uppercase	characters	as	array	indices,	in	this	case	to	perform	the	replacement	rule	for	Caesar	cipher	encryption.	In	Code	Fragment	3.9,	we	give	a	simple,	complete	Java	class	for	performing	the	Caesar	cipher,	which	uses	the	approach	above	and
also	makes	use	of	conversions	between	strings	and	character	arrays.	When	we	run	this	program	(to	perform	a	simple	test),	we	get	the	following	output:	Encryption	order	=DEFGHIJKLMNOPQRSTUVWXYZABC	Decryption	order	=	XYZABCDEFGHIJKLMNOPQRSTUVW	WKH	HDJOH	LV	LQ	SODB;	PHHW	DW	MRH'V.	THE	EAGLE	IS	IN	PLAY;	MEET	AT
JOE'S.	3.1.	Using	Arrays	111	/**	Class	for	doing	encryption	and	decryption	using	the	Caesar	Cipher.	*/	public	class	Caesar	{	public	static	final	int	ALPHASIZE	26;	/	/	English	alphabet	(uppercase	only)	public	static	final	char[]	alpha	{'A','B','C','D','E','F','G','H',	'I',	'J'	'K'	'L'	'M'	'N'	'0'	'P'	'Q'	'R'	'S'	'T'	'U'	'V'	'W'	'X'	'Y'	'z'}·	protected	char[]	encrypt	=	new
char[ALPHASIZE];	/	/	Encryption	array	protected	char[]	decrypt	=	new	char[ALPHASIZE];	/	/	Decryption	array	/**	Constructor	that	initializes	the	encryption	and	decryption	arrays	*/	public	CaesarO	{	for	(int	kALPHASIZE;	i++)	encrypt[i]	=	alpha[(i	+	3)	%	ALPHASIZE];	/	/	rotate	alphabet	by	3	places	for	(int	i=O;	kALPHASIZE;	i++)	decrypt[encrypt[iJ
'A']	alpha[i];	/	/	decrypt	is	reverse	of	encrypt	f	,	,	I	,	1	I	,	f	I	r	f	,	,	J	t	}	/**	Encryption	method	*/	public	String	encrypt(String	secret)	{	char[]	mess	secreUoCharArray();	for	(int	i=O;	kmess.length;	i++)	if	(Character.isUpperCase(mess[iD)	mess[i]	encrypt[mess[i]	'A'];	return	new	String(mess);	//	//	//	//	the	message	array	encryption	loop	we	have	a	letter	to
change	use	letter	as	an	index	}	/**	Decryption	method	*/	public	String	decrypt(String	secret)	{	char[]	mess	=	secreUoCharArrayO;	/	/	the	message	array	for	(int	i=O;	i	1.	This	function	is	defined	as	follows:	x	=	10gb	n	if	and	only	if	bX	=	n.	By	definition,	10gb	1	O.	The	value	b	is	known	as	the	base	of	the	logarithm.	Computing	the	logarithm	function
exactly	for	any	integer	n	involves	the	use	of	calculus,	but	we	can	use	an	approximation	that	is	good	enough	for	our	pur	poses	without	calculus.	In	particular,	we	can	easily	compute	the	smallest	integer"	greater	than	or	equal	to	loga	n,	for	this	number	is	equal	to	the	number	of	times	159	4.1.	The	Seven	Functions	Used	in	This	Book	we	can	divide	n	by	a
until	we	get	a	number	less	than	or	equal	to	1.	For	exam 	ple,	this	evaluation	of	log327	is	3,	since	27/3/3/3	1.	Likewise,	this	evaluation	of	log464	is	3,	since	64/4/4/4	=	1,	and	this	approximation	to	log212	is	4,	since	12/2/2/2/2	0.75	<	1.	This	base-two	approximation	arises	in	algorithm	analysis,	actually,	since	a	common	operation	in	many	algorithms	is	to
repeatedly	divide	an	input	in	half.	Indeed,	since	computers	store	integers	in	binary,	the	most	common	base	for	the	logarithm	function	in	computer	science	is	2.	In	fact,	this	base	is	so	common	that	we	will	typically	leave	it	off	when	it	is	2.	That	is,	for	us,	10gn	=	log2	n.	We	note	that	most	handheld	calculators	have	a	button	marked	LOG,	but	this	is
typically	for	calculating	the	logarithm	base-l0,	not	base-two.	There	are	some	important	rules	for	logarithms,	similar	to	the	exponent	rules.	Proposition	4.1	(Logarithm	Rules):	Given	real	numbers	a	and	d	>	1,	we	have:	1.	2.	3.	4.	5.	0,	b>	1,	c	>	0	logbac	=	10gb	a	+logbc	logba/c-Iogba-Iogbc	10gbaC	=	clogba	10gb	a	(logd	a)	/	logd	b	biogd	a	-	aiogdb.	Also,
as	a	notational	shorthand,	we	use	lot	n	to	denote	the	function	(logn	y.	Rather	than	show	how	we	could	derive	each	of	the	identities	above	Mlhich	all	follow	from	the	definition	of	logarithms	and	exponents,	let	us	illustrate	these	identities	with	a	few	examples	instead.	.	Example	4.2:	We	demonstrate	below	some	interesting	applications	of	the	loga	rithm
rules	from	Proposition	4.1	(using	the	usual	convention	that	the	base	of	a	logarithm	is	2	if	it	is	omitted).	log(2n)	=	log2	logn	=	1	logn,	by	rule	1	log(n/2)	=	logn	-log2	logn	-	1,	by	rule	2	logn	3	=	310gn,	by	rule	3	log2n	nlog2	=	n·l	=	n,	by	rule	3	10g4n	-	(10gn)/log4	=	(logn)/2,	by	rule	4	2iogn	=	niog2	.	ni	.=.	n,	by,	rule	5..	.Asa	practical	matter,	we	note	that
rule	4	gives	us	a	way	to	compute	the	base-two	logarithm	on	acalculator	that	has	a	base-l0	logarithm	button,	LOG,	for	•	•	•	•	•	•	..	log2n	=	LOG	n/	LOG	2.	160	Chapter	4.	Mathematical	FOUlldations	4.1.3	The	Linear	Function	Another	simple	yet	important	function	is	the	linear	junction,	f(n)	=	n.	That	is,	given	an	input	value	n,	the	linear	function	f
assigns	the	value	n	itself.	This	function	arises	in	algorithm	analysis	any	time	we	have	to	do	a	single	basic	operation	for	each	of	n	elements.	For	example,	comparing	a	number	x	to	each	element	of	an	array	of	size	n	will	require	n	comparisons.	The	linear	function	also	represents	the	best	running	time	we	can	hope	to	achieve	for	any	algorithm	that
processes	a	collection	of	n	objects	that	are	not	already	in	the	computer's	memory,	since	reading	in	the	n	objects	itself	requires	n	operations.	4.1.4	The	N-Log-N	Function	The	next	function	we	discuss	in	this	section	is	the	n-log-n	function,	f(n)	-	nlogn,	that	is,	the	function	that	assigns	to	an	input	n	the	value	of	n	times	the	logarithm	base-two	of	n.	This
function	grows	a	little	faster	than	the	linear	function	and	a	lot	slower	than	the	quadratic	function.	Thus,	as	we	will	show	on	several	occasions,	if	we	can	improve	the	running	time	of	solving	some	problem	from	qmfdratic	to	n-log-n,	we	will	have	an	algorithm	that	runs	much	faster	in	generaL	4.1.5	The	Quadratic	Function	Another	function	that	appears
quite	often	in	algorithm	analysis	is	the	quadratic	function,	f(n)	=	n2	,	That	is,	given	an	input	value	n,	the	function	f	assigns	the	product	of	n	with	itself	(in	other	words,	"n	squared").	The	main	reason	why	the	quadratic	function	appears	in	the	analysis	of	algo	rithms	is	that	there	are	maIlY	algorithms	that	have	nested	loops,	where	the	inner	loop	performs
a	linear	number	of	operations	and	the	outer	loop	is	performed	a	linear	number	of	times.	Thus,	in	such	cases,	the	algorithm	performs	n	.	n	n2	operations.	161	4.1.	The	Seven	Functions	Used	in	This	Book	~Iested	Loops	and	the	Quadratic	Function	The	quadratic	function	can	also	arise	in	the	context	of	nested	loops	where	the	first	iteration	of	a	loop	uses
one	operation,	the	second	uses	two	operations,	the	third	uses	three	operations,	and	so	on.	That	is,	the	number	of	operations	is	1+2	+3	+...	+	(n	-	2)	+	(n	-	1)	+n.	In	other	words,	this	is	the	total	number	of	operations	that	will	be	performed	by	the	nested	loop	if	the	number	of	operations	performed	inside	the	loop	increases	by	one	with	each	iteration	of
the	outer	loop.	This	quantity	also	has	an	interesting	history.	In	1787,	a	German	schoolteacher	decided	to	keep	his	9-	and	lO-year-old	pupils	occupied	by	adding	up	the	integers	from	1	to	100.	But	almost	immediately	one	of	the	children	claimed	to	have	the	answer!	The	teacher	was	suspicious,	for	the	student	had	only	the	answer	on	his	slate.	But	the
answer	was	correct-5,050-and	the	student,	Carl	Gauss,	grew	up	to	be	one	of	the	greatest	mathematicians	of	his	time.	It	is	widely	suspected	that	young	Gauss	used	the	following	identity.	Proposition	4.3:	For	any	integer	n	2:	1,	we	have:	1+2+3+	...	+(n-2)+(n-l)+n=	n(n+l)	2	.	We	give	two	"visual"	justifications	of	Propos'ition	4.3	in	Figure	4.1.	n	n+l	n	3	2
1	2	nl2	(b)	Figure	4.1:	Visual	justifications	of	Proposition	4.3.	Both	illustrations	visualize	the	icientity	ill	terms	of	the	totalar~a	covered	by	n	unit-width	rectangles	with	heights	".1,2,	...	,n.	In(a)	the	rectangles	are	shown	to	cover	a	big	triangle	of	area	n2/2	(base	n	and	height	n)	plus	n	small	triangles	of	area	1/2	each	(base	1	and	height	1).	In	(b),	which
applies	only	when	n	is	even,	the	rectangles	are	shown	to	cover	a	big	rectangle	of	base	n/	2	and	height	n	+	1.	Chapter	4.	Mathematical	Foundations	162	The	lesson	to	be	learned	from	Proposition	4.3	is	that	if	we	perform	an	algorithm	with	nested	loops	such	that	the	operations	in	the	inner	loop	increase	by	one	each	time,	then	the	total	number	of
operations	is	quadratic	in	the	number	of	times,	n,	we	perform	the	outer	loop.	In	particular,	the	number	ofoperations	is	n2/2	n12,	in	this	case,	which	is	a	little	more	than	a	constant	factor	(1/2)	times	the	quadratic	function	n2	.	In	other	words,	such	an	algorithm	is	only	slightly	better	than	an	algorithm	that	uses	n	operations	each	time	the	inner	loop	is
performed.	This	observation	might	at	first	seem	nonintuitive,	but	it	is	nevertheless	true,	as	shown	in	Figure	4.1.	4.1.6	The	Cubic	Function	and	Other	Polynomials	Continuing	our	discussion	of	functions	that	are	powers	of	the	input,	we	consider	the	cubic	junction,	f(n)-n	3,	which	assigns	to	an	input	value	n	the	product	of	n	with	itself	three	times.	This
func	tion	appears	less	frequently	in	the	context	of	algorithm	analysis	than	the	constant,	linear,	and	quadratic	functions	previously	mentioned,	but	it	does	appear	from	time	to	time.	Polynomials	Interestingly,	the	functions	we	have	listed	so	far	can	be	viewed	as	all	being	part	of	a	larger	class	of	functions,	the	polynomials.	A	polynomial	function	is	a
function	of	the	form,	f(n)	=	ao+aUl	+a2n2	+a3	n3	+...	adtld	,	where	ao,	aI,	...	)ad	are	constants,	called	the	coefficients	of	the	polynomial,	and	ad	O.	Integer	d,	which	indicates	the	highest	power	in	the	polynomial,	is	called	the	degree	of	the	polynomial.	For	example,	the	following	functions	are	all	polynomials:	•	f(n)	=	2+5n	+n2	•	f(n)	1	+n3	•	f(n)	1	•	f(n)
=	n	•	f(n)	=	n2.	Therefore,	we	could	argue	that	this	book	presents	justfour	important	functions	used	in	algorithm	analysis;	but	we	will	sticktosaying	that	there	are	seven,	since	the	con	stant,	linear,	and	quadratic	functions	are	too	important	to	be	lumped	in	with	other	polynomials.	Running	times	that	are	polynomials	with	degree,	d,	are	generally	better
than	polynomial	running	times	with	large	degree.	163	4.1.	The	Seven	Functions	Used	in	This	Book	Summations	A	notation	that	appears	again	and	again	in	the	analysis	of	data	structures	and	algo	rithms	is	the	summation,	which	is	defined	as	follows:	b	'[f(i)	=	f(a)	f(a	1)	f(a	2)	+...	+f(b),	i=a	where	a	and	b	are	integers	and	a	1	such	that	f(n)	~	eg(n),	for	n
2':.	no.	This	definition	is	often	referred	to	as	the	"big-Oh"	notation,	for	it	is	sometimes	pronounced	as	"f(n)	is	big-Oh	of	g(n)."	Alternatively,	we	can	also	say	"f(n)	is	order	of	g(n)."	(This	definition	is	illustrated	in	Figure	4.5.)	s	~	0.0	!:l	•	.-	O(g(n)),"	since	the	g(n)	in	the	big-Oh	expresses	an	upper	bound	on	f(n).	It	is	best	to	say,	"f(n)	is	O(g(n))."	For	the
more	mathematically	inclined,	it	is	also	correct	to	say,	"f(n)	E	O(g(n)	),"	for	the	big-Oh	notation	is,	technically	speaking,	denoting	a	whole	collection	of	functions.	In	this	book,	we	will	stick	to	presenting	big-Oh	statements	as	"f(n)	is	O(g(n))."	Even	with	this	interpretation,	there	is	considerable	freedom	in	how	we	can	use	arithmetic	operations	with	the
big-Oh	notation,	and	with	this	freedom	comes	a	certain	amount	of	responsibility.	Some	Words	of	Caution	A	few	words	of	caution	about	asymptotic	notation	are	in	order	at	this	point'	First,	note	that	the	use	of	the	big-Oh	and	related	notations	can	be	sQmewhat	misleading	should	the	constant	factors	they	"hide"	be	very	large.	For	example,	while	it	is	true
that	the	function	10	100	n	is	O(n),	if	this	is	the	running	time	of	an	algorithm	being	compared	to	one	whose	running	time	is	1Onlogn,	we	should	prefer	the	O(nlogn)	time	algorithm,	even	though	the	linear-time	algorithm	is	asymptotically	faster.	This	preference	is	because	the	constant	factor,	10	100	,	which	is	called	"one	googol,"	is	believed	by	many
astronomers	to	be	an	upper	bound	on	the	number	of	atoms	in	the	observable	universe.	So	we	are	unlikely	to	ever	have	a	real-world	problem	that	has	this	number	as	its	input	size.	Thus,	even	when	using	the	big-Oh	notation,	we	should	at	least	be	somewhat	mindful	of	the	constant	factors	and	lower	order	terms	we	are	"hiding."	The	observation	above
raises	the	issue	of	what	constitutes	a	"fast"	algorithm.	Generally	speaking,	any	algorithm	running	in	O(nlogn)	time	(with	a	reasonable	constant	factor)	should	be	considered	efficient.	Even	an	O(n2	)	time	method	may	be	fast	enough	in	some	contexts,	that	is,	when	n	is	small.	But	an	algorithm	running	in	O(2n)	time	should	almost	never	be	considered
efficient.	}	1~	~~!~	177	4.2.	Analysis	of	Algorithms	Exponential	Running	Times	There	is	a	famous	story	about	the	inventor	of	the	game	of	chess.	He	asked	only	that	his	king	pay	him	1	grain	of	rice	for	the	first	square	on	the	board,	2	grains	for	the	second,	4	grains	for	the	third,	8	for	the	fourth,	and	so	on.	It	is	an	interesting	test	of	programming	skills	to
write	a	program	to	compute	exactly	the	number	of	grains	of	rice	the	king	would	have	to	pay.	In	fact,	any	Java	program	written	to	compute	this	number	in	a	single	integer	value	will	cause	an	integer	overflow	to	occur	(although	the	run-time	machine	will	probably	not	complain).	To	represent	this	number	exactly	as	an	integer	requires	using	a	Biglnteger
class.	If	we	must	draw	a	line	between	efficient	and	inefficient	algorithms,	therefore,	it	is	natural	to	make	this	distinction	be	that	between	those	algorithms	running	in	polynomial	time	and	those	running	in	exponential	time.	That	is,	make	the	distinc	tion	between	algorithms	with	a	running	time	that	is	O(nC	),	for	some	constant	c	>	1,	and	those	with	a
running	time	that	is	O(b	n	),	for	some	constant	b	>	1.	Like	so	many	notions	we	have	discussed	in	this	section,	this	too	should	be	taken	with	a	"grain	of	salt,"	for	an	algorithm	running	in	O(nlOO)	time	should	probably	not	be	considered	"efficient."	Even	so,	the	distinction	between	polynomial-time	and	exponential-time	algorithms	is	considered	a	robust
measure	of	tractability.	To	summarize,	the	asymptotic	notations	of	big-Oh,	big-Omega,	and	big-Theta	provide	a	convenient	language	for	us	to	analyze	data	structures	and	algorithms.	As	mentioned	earlier,	these	notations	provide	conve~ience	because	they	let	us	concen	trate	on	the	"big	picture"	rather	than	low-level	details.	Two	Examples	of
Asymptoti.c	Algorithm	Analysis	We	conclude	this	section	by	analyzing	two	algorithIJ?s	that	solve	the	same	problem	but	have	rather	different	running	times.	The	problem	we	are	interested	in	is	the	one	of	computing	the	so-called	prefix	averages	of	a	sequence	of	numbers.	Namely,	given	an	array	X	storing	n	numbers,	we	want	to	compute	an	array	A	such
that	A[i]	is	the	average	of	elements	X[0],	...	,Xli],	for	i	=	0,	...	,n	-1,	that	is,	A[i]	=	E~=oX[j]	i+	1	.	Computing	prefix	averages	has	many	applications	in	economics	and	statistics.	For	exampie,givyn	th~	year-Qy~year	returns	of	a	mutual	fund,	an	investor	will	typically	want	to	see	the	fund's	average	annual	returns	for	the	last	year,	the	last	three	years,	the
last	five	years,	and	the	last	ten	years.	Likewise,	given	a	stream	of	daily	Web	usage	logs,	a	Web	site	manager	may	wish	to	track	average	usage	trends	over	various	time	periods.	Chapter	4.	Mathematical	Foundations	178	A	Quadratic-Time	Algorithm	Our	first	algorithm	for	the	prefix	averages	problem,	called	prefixAveragesl,	is	shown	in	Code	Fragment
4.2.	It	computes	every	element	of	A	separately,	following	the	definition.	Algorithm	prefixAveragesl	(X):	Input:	An	n-element	array	X	of	numbers.	Output:	An	n-element	array	A	of	numbers	such	that	A[i]	is	the	average	of	elements	X[O],	...	,Xli).	Let	A	be	an	array	of	n	numbers.	for	i	0	to	n	1	do	abO	for	j	b	0	to	i	do	a	a+X[j]	A[i)	b	a/(i+	1)	return	array	A	Code
Fragment	4.2:	Algorithm	prefixAveragesl.	Let	us	analyze	the	prefixAveragesl	algorithm.	•	Initializing	and	returning	array	A	at	the	beginning	and	end	can	be	done	with	a	constant	number	of	primitive	operations	per	element,	and	takes	O(n)	time.	•	There	are	two	nested	for	loops,	which	are	controlled	by	counters	i	.and	j,	respectively.	The	body	of	the
outer	loop,	control1~d	by	c,ounter	i,	is	executed	n	times,	for	i	-	0,	...	,n	-1.	Thus,	statements	a	0	and	A[i)	=	a/(i	+	1)	are	executed	n	times	each.	This	implies	that	these	two	statements,	plus	the	incre	menting	and	testing	of	counter	i,	contribute	a	number	of	primitive	operations	proportional	to	n,	that	is,	O(	n)	time.	•	The	body	of	the	inner	loop,	which	is
controlled	by	counter	j,	is	executed	i	+	1	times,	depending	on	the	current	value	of	the	outer	loop	counter	i.	Thus,	statement	a	=	a	+	X	[j)	in	the	inner	loop	is	executed	I	2	+	3	+	.	.	.	n	times.	By	recalling	Proposition	4.3,	we	know	that	1	2+3	+...	n	=	n(n+	1)/2,	which	implies	that	the	statement	in	the	inner	loop	contributes	O(n	2	)	time.	A	similar	argument
can	be	done	for	the	primitive	operations	associated	with	the	incrementing	and	testing	counterj,	which	also	take	O(n2	)	time.	The	running	time	of	algorithm	prefixAveragesl	is	given	by	the	sum	of	three	terms.	The	first	and	the	second	term	are	O(n),	and	the	third	term	is	O(n2	).	By	a	simple	application	of	Proposition	4.9,	the	running	time	of
prefixAveragesl	is	O(n2	).	179	4.2.	Analysis	of	Algorithms	A	Linear-Time	Algorithm	In	order	to	compute	prefix	averages	more	efficiently,	we	can	observe	that	two	con	secutive	averages	A	[i	1]	and	A	[i]	are	similar:	A[i	1]	A[i]	(X	[0]	+X[I]	+...	+X[i	-1])/i	(X[0]+X[1]+···+X[i-l]	X[i])/(i	1).	If	we	denote	with	Sj	the	prefix	sum	X[O]	+X[I]	.	.	.	Xli],	we	can	compute
the	prefix	averages	as	A	[i]	Sd	(i	+	1).	It	is	easy	to	keep	track	of	the	current	prefix	sum	while	scanning	array	X	with	a	loop.	We	are	now	ready	to	present	Algorithm	prefixAverage52	in	Code	Fragment	4.3.	Algorithm	prefixAverage52(X):	Input:	An	n-element	array	X	of	numbers.	Output:	An	n-element	array	A	of	numbers	such	that	A[i]	is	the	average	of
elements	X[0],	'"	,Xli].	Let	A	be	an	array	of	n	numbers.	Sf-O	for	i	f-	0	to	n	-	1	do	Xli]	A[i]	f-	s/(i	1)	Sf-	S	return	array	A	Code	Fragment	4.3:	Algorithm	prefixAve"rages2.	I	The	analysis	of	the	running	time	of	algorithm	prefixAverage52	follows:	•	Initializing	and	returning	array	A	at	the	beginning	and	end	can	be	done	with	a	constant	number	of	primitive
operations	per	element,	and	takes	O(n)	time.	•	Initializing	variable	s	at	the	beginning	takes	O(	1)	time.	•	There	is	a	single	for	loop,	which	is	controlled	by	counter	i.	The	body	of	the	loop	is	executed	n	times,	for	i	=	0,	...	,n	1.	Thus,	statements	s	=	s	+	X[i]	and	A	[i]	=	s/	(i	+	1)	are	executed	n	times	each.	This	implies	that	these	two	statements	plus	the
incrementing	and	testing	of	counter	i	contribute	a	number	of	primitive	operations	proportional	ton,	that	is,	O(n)	time.	The	running	time	of	algorithm	prefixAverage52	is	given	by	the	sum	of	three	terms.	The	first	and	the	third	term	are	O(n),	and	the	second	term	is	0(1).	By	a	simple	application	of	Proposition	4.9,	the	running	time	ofprefixAverage52	is
O(n),	which	is	much	better	than	the	quadratic-time	algorithmprefixAverage5l.	"-:""ilIl:	180	Chapter	4.	Mathematical	Foundations	4.2.6	A	Recursive	Algorithm	for	Computing	Powers	As	a	more	interesting	example	of	algorithm	analysis,	let	us	consider	the	problem	of	raising	a	number	x	to	an	arbitrary	nonnegative	integer,	n.	That	is,	we	wish	to	compute
the	power	function	p(x,n),	defined	as	p(x,n)	r.	This	function	has	an	immediate	recursive	definition	based	on	linear	recursion:	1	ifn	0	p(x,n)=	{	x,p(x,n-1)	otherwise.	This	definition	leads	immediately	to	a	recursive	algorithm	that	uses	O(n)	method	calls	to	compute	p(x,n).	We	can	compute	the	power	function	much	faster	than	this,	however,	by	using	the
following	alternative	definition,	also	based	on	linear	recursion,	which	employs	a	squaring	technique:	if	n	0	p(x,n)	=	X·	p(x,	(n	-1)/2)2	if	n	>	0	is	odd	{	p(x,n/2)2	if	n	>	0	is	even.	1	To	illustrate	how	this	definition	works,	consider	the	following	examples:	24	2(4/2)2	_	(24/2)2	(22f	42	=	16	25	21+(4/2)2	2(24/2)2	2(22)2	-:-	2(42)	=	32	26	27	2(6/2)2	=	(26/2)2
(23	)2	=	82	=	64	21+(6/2)2	=	2(26/	2)2	2(23	2(8	2	)	=	128.	f-	This	definition	suggests	the	algorithm	of	Code	Fragment	4.4.	Algorithm	Power(x,n):	Input:	A	number	x	and	integer	n	>	0	Output:	The	value	r	ifn	=	0	then	return	1	if	n	is	odd	then	y~	Power(x,(n	1)/2)	return	X·	y.y	else	y	~	Power(x,n/2)	returny·y	Code	Fragment	4.4:	Computing	the	power
function	using	linear	recursion.	To	analyze	the	running	time	of	the	algorithm,	we	observe	that	each	recursive	call	of	method	Power(x,	n)	divides	the	exponent,	n,	by	two.	Thus,	there	are	O(log	n)	recursive	calls,	not	O(	n).	That	is,	by	using	linear	recursion	and	the	squaring	tech	nique,	we	reduce	the	running	time	for	the	computation	of	the	power
function	from	O(n)	to	O(logn),	which	is	a	big	improvement.	4.2.	Analysis	of	Algorithms	4.2.7	181	Some	More	Examples	of	Algorithm	Analysis	Now	that	we	have	the	big-oh	notation	for	doing	algorithm	analysis,	let	us	give	some	more	examples	of	simple	algorithms	that	can	have	their	running	times	characterized	using	this	notation.	Moreover,	in	keeping
with	our	earlier	promise,	we	illustrate	below	how	each	of	the	seven	functions	given	earlier	in	this	chapter	can	be	used	to	characterize	the	running	time	of	an	example	algorithm.	A	Constant-Time	Method	To	illustrate	a	constant-time	algorithm,	consider	the	following	Java	method,	which	returns	the	capacity	of	an	array,	that	is,	the	number	of	cells	in	the
array	that	are	capable	of	storing	elements:	public	static	int	ca	pacity{int[]	arr)	{	return	arr.length;	/	/	the	capacity	of	an	array	is	its	length	}	This	is	a	very	simple	algorithm,	because	the	capacity	of	an	array	is	the	same	as	its	length,	and	there	is	a	direct	way	in	Java	for	returning	the	length	of	an	array.	Moreover,	this	value	is	stored	as	an	instance
variable	for	the	array	object,	so	it	takes	only	a	constant-time	lookup	to	return	this	value.	Thus,	the	capacity	method	runs	in	O(	1)	time;	that	is,	the	running	time	of	this	method	is	independent	of	the	value	of	n,	the	size	of	the	array.	Revisiting	the	Method	for	Finding	the	Maximum	in	"an	Arra'l	For	our	next	example,	let	us	reconsider	a	simple	problem
studied	earlier-finding	the	largest	value	in	an	array	of	integers-which	can	be	done	in	Java	as	follows:	public	static	int	findMax(int[]	arr)	{	int	max	=	arr[O];	/	/	start	with	the	first	integer	in	arr	for	(int	i	<	arr.length;	i++)	if	(max	<	arr[iD	max	=	arr[i];	/	/	update	the	current	maximum	return	max;	/	/	the	current	maximum	is	now	the	global	maximum	}	This
method,	which	amounts	to	a	Java	implementation	of	the	arrayMax	method	·of	Section	4.2J,	compares	each	of	the	n	elements	in	the	input	array	to	a	current	maximum,	and	each	time	it	finds	an	element	larger	than	the	current	maximum,	it	updates	the	current	maximum	to	be	this	value.	Thus,	it	spends	a	constant	amount	of	time	for	each	of	the	n
elements	in	the	array;	hence,	as	with	the	pseudo-code	version	of	the	arrayMax	algorithm,	the	running	time	of	this	algorithm	is	O(n).	Chapter	4.	Mathematical	Foundations	182	Further	Analysis	of	the	Maximum-Finding	Algorithm	A	more	interesting	question,	with	respect	to	the	above	maximum-finding	algorithm,	is	to	ask	how	many	times	we	update	the
current	maximum	value.	Note	that	this	statement	is	executed	only	if	we	encounter	a	value	of	the	array	that	is	larger	than	our	current	maximum.	In	the	worst	case,	this	condition	could	be	true	each	time	we	perform	the	test.	For	instance,	this	situation	would	occur	if	the	input	array	is	given	to	us	in	sorted	order.	Thus,	in	the	worst-case,	the	statement
max	arr[	i	J	is	performed	n-	1	times,	hence	O(n)	times.	But	what	if	the	input	array	is	given	to	us	in	random	order,	with	all	orders	equally	likely;	what	would	be	the	expected	number	of	times	we	updated	the	maximum	value	in	this	case?	To	answer	this	question,	note	that	we	update	the	current	maximum	in	the	ith	iteration	only	if	the	ith	element	in	the
array	is	bigger	than	all	the	elements	that	precede	it.	But	if	the	array	is	given	to	us	in	random	order,	the	probability	that	the	ith	element	is	larger	than	all	elements	that	precede	it	is	1/i;	hence,	the	expected	number	of	times	we	update	the	maximum	in	this	case	is	Hn	-	1:7=1	1/i,	which	is	known-as	the	nth	Harmonic	number.	It	turns	out	(see	Proposition
A.l6)	that	Hn	is	O(log	n).	Therefore,	the	expected	number	of	times	the	maximum	is	updated	when	the	above	maximum-finding	algorithm	is	run	on	a	random	array	is	O(log	n).	Three-Way	Set	Disjointness	Suppose	we	are	given	three	sets,	A,	B,	and	C,	with	these	sets	stored	in	three	different	integer	arrays,	a,	b,	and	c,	respectively.	The	three-way	set
disjointness	problem	is	to	determine	if	these	three	sets	are	disjoint,	that	is,	whether	there	is	no	elel]1ent	x	such	that	x	E	A,	x	E	B,	and	x	E	C.	A	simple	Java	methodto	det~rmine	this	property	is	given	below:	public	static	boolean	areDisjoint(int[]	a,	int[]	b,	int[]	c)	{	for	(int	i=O;	i	<	a.length;	i++)	for	(int	j=O;	j	<	b.length;	j++)	for	(int	k=O;	k	<	c.length;
k++)	if	((a[i]	==	bOD	&&	(bO]	c[k]))	return	false;	return	true;	/	/	there	is	no	element	common	to	a,	b,	and	c	}	This	simple	algorithm	loops	through	each	possible	triple	of	indices	i,	j,	and	k	to	check	if	the	respective	elements	indexed	in	a,	b,	and	c	are	equaL	Thus,	if	each	of	these	arrays	is	ofsizen,then	the	worstc.caserunning	time	of	this	method	is	O(n3	).
Moreover,	the	worst	case	is	achieved	when	the	sets	are	disjoint,	since	in	this	case	we	go	through	all	n3	triples	of	valid	indices,	i,	j,	and	k.	Such	a	running	time	would	generally	not	be	considered	very	efficient,	but,	fortunately,	there	is	a	better	way	to	solve	this	problem.	183	4.2.	Analysis	of	Algorithms	Recursion	Run	Amok	The	next	few	example
algorithms	we	study	are	for	solving	the	element	uniqueness	problem,	in	which	we	are	given	a	range,	i,	i	+	1,	...	,j,	of	indices	for	an	array,	A,	and	we	want	to	determine	if	the	elements	of	this	range,	A[iJ,A	[i	+	1],	...	,AU],	are	all	unique,	that	is,	there	is	no	repeated	element	in	this	group	of	array	entries.	The	first	algorithm	we	give	for	solving	the	element
uniqueness	problem	is	a	recursive	one.	But	it	uses	recursion	in	a	very	inefficient	manner,	as	shown	in	the	following	Java	implementation.	/	/	Are	all	the	entries	in	an	array	of	int	values	unique	from	start	to	end?	public	static	boolean	isUnique(int[]	arr,	int	start,	int	end)	{	if	(start	>=	end)	return	true;	/	/	the	range	is	too	small	for	repeats	/	/	check	if	first
part	of	arr	is	recursively	unique	if	(!isUnique(arr,	start,	end-I))	return	false;	/	/	check	if	second	part	of	arr	is	recursively	unique	if	(!isUnique(arr,	start+1.	end))	return	false;	return	(arr[start]	!=	arr[end]);	/	/	check	if	first	and	last	are	different	}	To	analyze	this	recursive	algorithm,	let	us	first	determine	how	much	time	we	spend	outside	of	recursive	calls
in	any	invocation	of	this	method.	Note,	in	particu	lar,	that	there	are	no	loops-just	comparisons,	arithmetic	operations,	array	element	references,	and	method	returns.	Thus,	the	nonrecursive	part	of	each	method	invo	cation	runs	in	constant	time,	that	is,	0(1)	time;	hence,	to	determine	the	worst-case	running	time	ofthis	method	we	only	need	to	determine
the	worst-case	total	number	of	calls	we	make	to	the	isUnique	method.	Let	n	denote	the	number	of	entries	under	consideration,	that	is,	let	6	n	=	end	-start+	1.	If	n	=	1,	then	the	running	time	of	the	isUnique	is	0(1),	since	there	are	no	recursive	calls	for	this	case.	To	characterize	the	running	time	of	the	general	case,	the	impor	tant	observation	to	make	is
that	in	order	to	solve	a	problem	of	size	n,	the	isUnique	method	makes	two	recursive	calls	on	problems	of	size	n	-	1.	Thus,	in	the	worst	case,	a	call	for	a	range	of	size	n	makes	two	calls	on	ranges	of	size	n	1,	which	each	make	two	calls	on	ranges	of	size	n	-	2,	which	each	make	two	calls	on	ranges	of	size	n	-	3,	and	so	on.	Thus,	in	the	worst	case,	the	total
number	of	method	calls	is	given	by	the	geometric	summation	1	2+4+...	2n-	1,	which	is	equal	to	2n	-1	by	Proposition	4.5.	Thus,	the	worst-case	running	time	of	method	isUnique	is	0(2n).	This	is	an	incredibly	inefficient	method	for	solving	the	element	uniqueness	problem.	Its	inefficiency	comes	not	from	the	fact	that	it	uses	recursion-it	comes	from	the
fact	that	it	uses	recursion	poorly.	Chapter	4.	J.o/lathematical	Foundations	184	An	Iterative	Method	for	Solving	the	Element	Uniqueness	Problem	We	can	do	much	better	than	the	above	exponential-time	method	by	using	the	fol	lowing	iterative	algorithm:	public	static	boolean	isUniqueLoop(int[]	arr,	int	start,	int	end)	{	if	(start	>=	end)	return	true;	/	/
the	range	is	too	small	for	repeats	for	(int	i=start;	i	<	end;	i++)	for	(int	j=i+1;	j	3).	By	reaching	such	a	contradiction,	we	show	that	no	consistent	sit	uation	exists	with	q	being	false,	so	q	must	be	true.	Of	course,	in	order	to	reach	this	conclusion,	we	must	be	sure	our	situation	is	consistent	before	we	assume	q	is	false.	Example	4.19:	Let	a	and	b	be
integers.	If	ab	is	odd,	then	a	is	odd	and	b	is	odd.	Justification:	Let	ab	be	odd.	We	wish	to	show	that	a	is	odd	and	b	is	odd.	So,	with	the	hope	of	leading	to	a	contradiction,	let	us	assume	the	opposite,	namely,	suppose	a	is	even	or	b	is	even.	In	fact,	without	loss	of	generality,	we	can	assume	that	a	is	even	(since	the	case	for	b	is	symmetric).	Then	a	2i	for
some	integer	i.	Hence,	ab	-	(2i)b	2(	ib),	that	is,	ab	is	even.	But	this	is	a	contradiction:	ab	cannot	simultaneously	be	odd	and	even.	Therefore	a	is	odd	and	b	is	odd.	•	4.3.3	Induction	and	Loop	Invariants	Most	of	the	claims	we	make	about	a	running	time	or	a	space	boundinvolve	an	inte	ger	parameter	n	(usually	denoting	an	intuitive	notion	ofthe	"size"	of
the	problem).	Moreover,	most	of	these	claims	are	equivalent	to	saying	some	statement	q(n)	is	true	"for	all	n	>	1."	Since	this	is	making	a	claim	about	an	infinite	set	of	numbers,	we	cannot	justify	this	exhaustively	in	a	direct	fashion.	Induction	We	can	often	justify	claims	such	as	those	above	as	true,	however,	by	using	the	technique	of	induction.	This
technique	amounts	to	showing	that,	for	any	particular	n	~	1,	there	is	a	finite	sequence	of	implications	that	starts	with	something	known	to	be	true	and	ultimately	leads	to	showing	that	q(n)	is	true.	Specifically,	we	begin	a	justification	by	induction	by	showing	that	q(n)	is	true	for	n	1	(and	possibly	some	other	values	n	2,3,	...	,k,	for	some	constant	k).	Then
we	justify	that	the	inductive	"step"	is	true	for	n	>	k,	namely,	we	show	"if	q(i)	is	true	for	i	<	n,	then	q(n)	is	true."	The	combination	of	these	two	pieces	completes	the	justification	by	induction.	187	4.3.	Simple	Justification	Techniques	Proposition	4.20:	Consider	the	Fibonacci	function	F(n),	where	we	define	F(	1)	=	1,	F(2)	=	2,	and	F(n)	F(n	-1)	F(n	-	2)	for	n
>	2.	(See	Section	2.2.3.)	We	claim	that	F(n)	<	2n.	Justification:	We	will	show	our	claim	is	right	by	induction.	Base	cases:	(n	~	2).	F(l)	1	<	2	=	21	and	F(2)	2	<	4	=	22.	Induction	step:	(n	>	2).	Suppose	our	claim	is	true	for	n'	<	n.	Consider	F(n).	Since	n	>	2,	F(n)	=	F(n	-	1)	+	F(n	2).	Moreover,	since	n	1	<	n	and	n	-	2	<	n,	we	can	apply	the	inductive



assumption	(sometimes	called	the	"inductive	hypothesis")	to	imply	that	F	(n)	<	2n	-	1	2n	-	2,	since	2n-	1	+2n	-	2	<	2n-	1	+2n-	1	=	2.	2n-	1	_	2n.	•	Let	us	do	another	inductive	argument,	this	time	for	a	fact	we	have	seen	before.	Proposition	4.21:	(which	is	the	same	as	Proposition	4.3)	I>	_n(n+	1)	n	2	1=1	Justification:	We	will	justify	this	equality	by
induction.	Base	case:	n	=	1.	Trivial,	for	1	=	n(n	+	1)/2,	if	n	-	1.	Induction	step:	n	2:	2.	Assume	the	claim	is	true	for	n'	<	n.	Consider	n.	n	n-1	I>	n+	i==l	I>·	i==1	By	the	induction	hypothesis,	then	I>	=	n+	(n-1)n	It	1=1	'"	which	we	can	simplify	as	n	2n+n2-n	2	n2	+n	2	n(n+	1)	2	•	We	may	sometimes	feel	overwhelmed	by	the	task	of	justifying	something
true	for	all	n	2:	1.	We	should	remember,	however,	the	concreteness	of	the	inductive	tech	nique.	It	shows	that,	for	any	particular	n,	there	is	a	finite	step-by-step	sequence	of	implications	that	starts	with	something	true	and	leads	to	the	truth	about	n.	In	short,	.	the	inductive	argument	is	a	formula	for	building	a	sequence	of	direct	justifications.	Chapter	4.
Mathematical	Foundations	188	Loop	Invariants	The	final	justification	technique	we	discuss	in	this	section	is	the	loop	invariant.	To	prove	some	statement	S	about	a	loop	is	correct,	define	S	in	terms	of	a	series	of	smaller	statements	So,	SI	,	...	,Sk.	where:	1.	The	initial	claim,	So,	is	true	before	the	loop	begins.	2.	If	Si-l	is	true	before	iteration	i,	then	Sj	will
be	true	after	iteration	i.	3.	The	final	statement,	Sk,	implies	the	statement	S	that	we	wish	to	be	true.	Let	us	give	a	simple	example	of	rising	a	loop-invariant	argument	to	justify	the	correctness	of	an	algorithm.	In	particular,	let	us	consider	using	a	loop	invariant	to	justify	the	correctness	of	arrayFind,	shown	in	Code	Fragment	4.5,	for	finding	an	element	x
in	an	array	A.	Algoritbm	arrayFind(x,A):	Input:	An	element	x	and	an	n-element	array,	A.	Output:	The	index	i	such	that	x	=	A[i]	or	-1	if	no	element	of	A	is	equal	to	x.	i	+-0	while	i	<	n	do	if	x	=	AU]	then	return	i	else	i+-i+l	return	-1	Code	Fragment	4.5:	Algorithm	arrayFind	for	finding	a,given,element	in	an	array.	To	show	that	arrayFind	is	correct,	we
inductively	define	a	series	of	statements,	Si,	that	lead	to	the	correctness	of	our	algorithm.	Specifically,	we	claim	the	follow	ing	is	true	at	the	beginning	of	iteration	i	of	the	while	loop:	Si:	x	is	not	equal	to	any	of	the	first	i	elements	of	A.	This	claim	is	true	at	the	beginning	of	the	first	iteration	of	the	loop,	since	there	are	no	elements	among	the	first	0	in	A
(this	kind	of	a	trivially	true	claim	is	said	to	hold	vacuously).	In	iteration	i,	we	compare	element	x	to	element	A[i]	and	return	the	index	i	if	these	two	elements	are	equal,	which	is	clearly	correct	and	completes	the	algorithm	in	this	case.	If	the	two	elemerits	x	and	A[i]	are	not	equal,	then	we	have	found	one	more	element	not	equal	to	x	and	we	increment
the	index	i.	Thus,	the	claimSi:willbetrueforthis	new	value	ofi;hence,	it	is	true	at	the	beginning	of	the	next	iteration.	If	the	while-loop	terminates	without	ever	returning	an	index	in	A,	then	we	have	i	-	n.	That	is,	Sn	is	true-.there	are	no	elements	of	A	equal	to	x.	Therefore,	the	algorithm	correctly	returns	1	to	indicate	that	x	is	not	in	A.	4.4.	Exercises	4.4
189	Exercises	For	help	with	exercises,	please	visit	the	web	site,	www.wiley.com/go/globallgoodrich.	Reinforcement	R-4.1	Give	a	pseudo-code	description	of	the	O(n	)-time	algorithm	for	computing	the	power	function	p(x,	n).	Also,	draw	the	recursion	trace	of	this	algorithm	for	the	computation	of	p(	2,5).	R-4.2	Give	a	Java	description	of	Algorithm	Power
for	computing	the	power	function	p(x,	n)	(Code	Fragment	4.4).	R-4.3	Draw	the	recursion	trace	of	the	Power	algorithm	(Code	Fragment	4.4,	which	computes	the	power	function	p(x,n))	for	computing	p(2,	9).	R-4.4	Analyze	the	running	time	of	Algorithm	BinarySum	(Code	Fragment	3.34)	for	arbitrary	values	of	the	input	parameter	n.	R-4.5	Graph	the
functions	8n,	4nlogn,	2n2,	n3	,	and	2n	using	a	logarithmic	scale	for	the	x-	and	y-axes,	that	is,	if	the	function	value	f(n)	is	y,	plot	this	as	a	point	with	x-coordinate	at	logn	and	y-coordinate	at	logy.	R-4.6	The	number	of	operations	executed	by	algorithms	A	and	B	is	8nlogn	and	2n2,	respectively.	Determine	no	such	th~tA	is	better	than	B	for	n	~	no.	R-4.7
The	number	of	operations	executed	by	algorithms	A	and	B	is	40n2	and	2n3	,	respectively.	Determine	no	such	that	A	is	better	than	B	for	n	no.	R-4.8	Give	an	example	of	a	function	that	is	plotted	the	same	on	a	log-log	scale	as	it	is	on	a	standard	scale.	R-4.9	Explain	why	the	plot	of	the	function	nC	is	a	straight	line	with	slope	c	on	a	log-log	scale.	R-4.10
What	is	the	sum	of	all	the	even	numbers	from	0	to	2n,	for	any	positive	integer	n?	R-4.11	Show	that	the	following	two	statements	are	equivalent:	(a)	The	running	time	of	algorithm	A	is	always	O(f(n)).	(b)	In	the	worst	case,	the	running	time	of	algorithm	A	is	O(f(n)).	R-4.12	Order	the	following	functions	by	asymptotic	growth	rate.	4nlogn+2n	210	2logn	3n
+	100logn	4n	2n	n2	+	IOn	n	3	nlogn	R-4.l3	Show	that	if	d(n)	is	O(f(n)),	then	ad(n)	is	O(f(n)),	for	any	constant	a>O.	Chapter	4.	Mathematical	Foundations	190	R-4.l4	Show	that	if	d(n)	is	O(f(n))	ande(n)	is	O(g(n)),	then	the	productd(n)e(n)	is	O(f(n)g(n)).	R-4.15	Give	a	big-Oh	characterization,	in	tenus	of	n,	of	the	running	time	of	the	Ex1	method	shown	in
Code	Fragment	4.6.	R-4.16	Give	a	big-Oh	characterization,	in	terms	of	n,	of	the	running	time	of	the	Ex2	method	shown	in	Code	Fragment	4.6.	R-4.17	Give	a	big-Oh	characterization,	in	tenus	of	n,	of	the	running	time	of	the	Ex3	method	shown	in	Code	Fragment	4.6.	R-4.18	Give	a	big-Oh	characterization,	in	terms	of	n,	of	the	running	time	of	the	Ex4
method	shown	in	Code	Fragment	4.6.	R-4.19	Give	a	big-Oh	characterization,	in	tenus	of	n,	of	the	running	time	of	the	Ex5	method	shown	in	Code	Fragment	4.6.	R-4.20	Bill	has	an	algorithm,	find2D,	to	find	an	element	x	in	an	n	x	n	array	A.	The	algorithm	find2D	iterates	over	the	rows	of	A,	and	calls	the	algorithm	arrayFind,	of	Code	Fragment	4.5,	on	each
row,	until	x	is	found	or	it	has	searched	all	rows	of	A.	What	is	the	worst-case	running	time	of	find2D	in	terms	of	n?	What	is	the	worst-case	running	time	of	find2D	in	terms	of	N,	where	N	is	the	total	size	of	A?	Would	it	be	correct	to	say	that	Find2D	is	a	linear-time	algorithm?	Why	or	why	not?	R-4.21	For	each	function	f(n)	and	time	t	in	the	following	table,
determine	the	largest	size	n	of	a	problem	P	that	can	be	solved	in	time	t	if	the	algorithm	for	solving	P	takes	f(n)	microseconds	(one	entry	is	already	completed).	I	1Second	logn	1Hour	1Month	1	Century	~	10300000	n	nlogn	n2	2n	I	j	R-4.22	Show	that	if	d(n)	is	O(f(n))	and	e(n)	is	O(g(n)),	then	d(n)	+	e(n)	is	R-4.23	R-4.24	R-4.25	R-4.26	R-4.27	R-4.28	O(f(n)
+g(n)).	Show	that	if	d(n)	is	O(f(n))	and	e(n)	is	O(g(n)),	then	d(n)	-	e(n)	is	not	necessarily	O(f(n)	-	g(n)).	Show	that	if	d(n)	is	O(f(n))	and	f(n)	is	O(g(n)),	then	d(n)	is	O(g(n)).	ShowthatO(max{f(n),g(n)})	=	O(f(n)	+g(n)).	Show	that	f(n)	is	O(g(n))	if	and	only	if	g(n)	is	Q(f(n)).	Show	that	if	p(n)	is	a	polynomial	in	n,	then	logp(n)	is	O(logn).	Show	that	(n+	1)5	is
O(n5	).	191	4.4.	Exercises	Algorithm	Exl(A):	Input:	An	array	A	storing	n	2'	1	integers.	Output:	The	sum	of	the	elements	in	A.	Sf-	A	[0]	for	if-I	to	n-	1do	sf-s+A[i]	return	s	Algorithm	Ex2(A):	Input:	An	array	A	storing	n	2'	1integers.	Output:	The	sum	of	the	elements	at	even	cells	in	A.	Sf-	A	[0]	for	i	f-	2	to	n-	1	by	increments	of	2	do	sf-s+A[i]	return	s
Algorithm	Ex3(A):	Input:	An	array	A	storing	n	2'	1	integers.	Output:	The	sum	of	the	prefix	sums	in	A.	Sf-O	for	i	f-	0	to	n	-	1do	s+A[O]	Sf-	for	j	1	to	i	do	f-	Sf-	s+A[j]	returns	Algorithm	Ex4(A):	Input:	An	array	A	storing	n	2'	1	integers.	Output:	The	sum	of	the	prefix	sums	in	A.	Sf-	A	[0]	t	f-	S	for	i	f	-	I	to	n	-	1	do	s+A[i]	tf-t+S	Sf-	return	t	Algorithm	Ex5(A,B):
Input:	Arrays	A	and	B	each	storing	n	2'	1	integers.	Output:	The	number	of	elements	in	B	equal	to	the	sum	of	prefix	sums	in	A.	ef-O	for	i	f-	0	to	n	1do	Sf-O	for	j	f-	Sf-	0	to	n	-	1do	s+A[O]	for	k	f-	1	to	j	do	.	Sf-	s+A[k]	.	ifB[i]	~s'then'	e	f-	e+	1	retume	Code	Fragment	4.6:	Some	algorithms.	Chapter	4.	Mathematical	Foundations	192	R-4.29	Show	that	211+1	is
0(211).	R-4.30	Show	that	n	is	O(nlogn).	R-4.31	Show	that	n2	is	Q(nlogn).	R-4.32	Show	that	nlogn	is	Q(n).	R-4.33	Show	that	rJ(n)l	is	O(1(n)),	if	j(n)	is	a	positive	nondecreasing	function	that	is	always	greater	than	1.	R-4.34	Algorithm	A	executes	an	O(logn	)-time	computation	for	each	entry	of	an	n-element	array.	What	is	the	worst-case	running	time	of
Algorithm	A?	R-4.35	Given	an	n-element	array	X,	Algorithm	B	chooses	logn	elements	in	X	at	random	and	executes	an	O(n)-time	calculation	for	each.	What	is	the	worst-case	running	time	of	Algorithm	B?	R-4.36	Given	an	n-element	array	X	of	integers,	Algorithm	C	executes	an	O(n)	time	computation	for	each	even	number	in	X,	and	an	O(logn)-time	com -
putation	for	each	odd	number	in	X.	What	are	the	best-case	and	worst-case	running	times	of	Algorithm	C?	RA.37	Given	an	n-element	array	X,	Algorithm	D	calls	Algorithm	E	on	each	el	ement	Xli}.	Algorithm	E	runs	in	O(i)	time	when	it	is	called	on	element	Xli}.	What	is	the	worst-case	running	time	of	Algorithm	D?	R-4.38	Al	and	Bob	are	arguing	about
their	algorithms.	Al	claims	his	O(nlogn)	time	method	is	always	faster	than	Bob's	0(n2)-tirrie	method.	To	settle	the	issue,	they	perform	a	set	of	experiments.	To	AI's	dismay,	they	find	that	if	n	<	100,	the	0(n2)-time	algorithm	runs	faster,	and	only	when	n	>	100	is	the	O(	n	logn)-time	one	better.	Ex:plain	how	this	is	possible.	Creativity	C-4.1	Describe	a
recursive	algorithm	to	compute	the	integer	part	of	the	base-two	logarithm	of	n	using	only	addition	and	integer	division.	C-4.2	Describe	an	efficient	algorithm	for	finding	the	ten	largest	elements	in	an	array	of	size	n.	What	is	the	running	time	of	your	algorithm?	C-4.3	Suppose	you	are	given	an	n-element	array	A	containing	distinct	integers	that	are	listed
in	increasing	order.	Given	a	number	k,	describe	a	recursive	algorithm	to	find	two	integers	in	A	that	sum	to	k,	if	such	a	pair	exists.	What	is	the	running	time	of	your	algorithm?	C-4.4	Given	an	n-element	unsorted	array	A	of	n	integers	and	an	integer	k,	de	scribe	a	recursive	algorithm	for	rearranging	the	elements	in	A	so	that	all	elements	less	than	or
equal	to	k	come	before	any	elements	larger	than	k.	What	is	the	running	time	of	your	algorithm?	4.4.	Exercises	193	C-4.5	Communication	security	is	extremely	important	in	computer	networks,	and	one	way	many	network	protocols	achieve	security	is	to	encrypt	mes	sages.	Typical	cryptographic	schemes	for	the	secure	transmission	of	mes	sages	over
such	networks	are	based	on	the	fact	that	no	efficient	algorithms	are	known	for	factoring	large	integers.	Hence,	if	we	can	represent	a	secret	message	by	a	large	prime	number	p,	we	can	transmit,	over	the	network,	the	number	r	-	p.	q,	where	q	>	p	is	another	large	prime	number	that	acts	as	the	encryption	key.	An	eavesdropper	who	obtains	the
transmitted	num 	ber	r	on	the	network	would	have	to	factor	r	in	order	to	figure	out	the	secret	message	p.	Using	factoring	to	figure	out	a	message	is	very	difficult	without	knowing	the	encryption	key	q.	To	understand	why,	consider	the	following	naive	factoring	algorithm:	for	p	-	2,	...	,r	-	1	do	if	p	divides	r	then	return	"The	secret	message	is	p!"	a.
Suppose	that	the	eavesdropper	uses	the	above	algorithm	and	has	a	computer	that	can	carry	out	in	1	microsecond	(1	millionth	of	a	sec	ond)	a	division	between	two	integers	of	up	to	lOO	bits	each.	Give	an	estimate	of	the	time	that	it	will	take	in	the	worst	case	to	decipher	the	secret	message	p	if	the	transmitte~	message	r	has	100	bits.	b.	What	is	the
worst-case	time	complexity	of	the	above	algorithm?	Since	the	input	to	the	algorithm	is	just	one	large	number	r,	assume	that	the	input	size	n	is	the	number	of	bytes	needed	to	store	r,	that	is,	n	l(log2	r)/8	J	1,	and	that	each	division	takes	time	O(n).	C-4.6	Give	an	example	of	a	positive	function	f(n):	such	that	f(n)	is	neither	O(n)	nor	Q(n).	C-4.7	Show	that
E~l	i2	is	O(n3	).	C-4.8	Show	that	E~l	i/2	i	<	2.	(Hint:	Try	to	bound	this	sum	term	by	term	with	a	geometric	progression.)	C-4.9	Show	that	logbf(n)	is	0(logf(n))	if	b	>	1	is	a	constant.	C-4.10	Describe	a	method	for	finding	both	the	minimum	and	maximum	of	n	num 	bers	using	fewer	than	3n/2	comparisons.	(Hint:	First	construct	a	group	of	candidate
minimums	and	a	group	of	candidate	maximums.)	C-4.ll	Bob	built	a	Web	site	and	gave	the	URL	only	to	his	n	friends,	which	he	numbered	from	1	to	n.	He	told	friend	number	i	that	he/she	can	visit	the	Web	site	at	most	i	times.	Now	Bob	has	a	counter,	C,	keeping	track	of	the	total	number	of	visits	to	the	site	(but	not	the	identities	of	who	visits).	What	is	the
minimum	value	for	C	such	that	Bob	should	know	that	one	of	his	friends	has	visited	hislher	maximum	allowed	number	of	times?	194	Chapter	4.	Mathematical	Foundations	C-4.12	Al	says	he	can	prove	that	all	sheep	in	a	flock	are	the	same	color:	Base	case:	One	sheep.	It	is	clearly	the	same	color	as	itself.	Induction	step:	A	flock	of	n	sheep.	Take	a	sheep,	a,
out.	The	remaining	n	-1	are	all	the	same	color	by	induction.	Now	put	sheep	a	back	in	and	take	out	a	different	sheep,	b.	By	induction,	the	n	-	1	sheep	(now	with	a)	are	all	the	same	color.	Therefore,	all	the	sheep	in	the	flock	are	the	same	color.	What	is	wrong	with	AI's	"justification"?	1\	C-4.13	Consider	the	following	"justification"	that	the	Fibonacci
function,	F(n)	(see	Proposition	4.20)	is	O(n):	Base	case	(n	~	2):	F(l)	1	and	F(2)	=	2.	Induction	step	(n	>	2):	Assume	claim	true	for	n'	<	n.	Consider	n.	F(n)	=	F(n	-1)	+F(n	2).	By	induction,	F(n	-1)	is	O(n	1)	and	F(n	2)	is	O(n	2).	Then,	F(n)	is	O(	(n	-	1)	+	(n	-	2)),	by	the	identity	presented	in	Exercise	R-4.22.	Therefore,	F(n)	is	O(n).	What	is	wrong	with	this
')ustification"?	C-4.l4	Let	p(x)	be	a	polynomial	of	degree	n,	that	is,	p(x)	=	[7=Oaixi.	(a)	Describe	a	simple	0(n2	)	time	method	for	computing	p(x).	(b)	Now	consider	a	rewriting	of	p(x)	as	p(x)-ao	x(a1+x(a2	x(a3+'"	X(a~-l+Xan)"')))'	which	is	known	as	Horner's	method.	Using	the	big-Oh	notation,	charac	terize	the	number	of	arithmetic	operations	this
method	executes.	•	C-4.15	Consider	the	Fibonacci	function,	F(n)	(see	Proposition	4.20).	Show	by	induction	that	F(n)	is	Q((3/2)lt).	.	C-4.16	Given	a	set	A	=	{a	1,	a2,	...	,	an}	of	n	integers,	describe,	in	pseudo-code,	an	efficient	method	for	computing	each	of	partial	sums	Sk	[1=1	ai,	for	k	=	I,	2,	...	,n.	What	is	the	running	time	of	this	method?	C-4.17	Draw	a
visual	justification	of	Proposition	4.3	analogous	to	that	of	Fig	ure	4.l(b)	for	the	case	when	n	is	odd.	C-4.lS	An	array	A	contains	n	1	unique	integers	in	the	range	[O,n	-	1]	,	that	is,	there	is	one	number	from	this	range	that	is	not	in	A.	Design	an	O(n)	time	algorithm	for	finding	that	number.	You	are	only	allowed	to	use	0(1)	additional	space	besides	the	array
A	itself.	C-A.19	Let	S	be	a	set	of	n	lines	in	the	plane	such	that	no	two	are	parallel	and	no	three	meet	in	the	same	point.	Show,	by	induction,	that	the	lines	in	S	determine	S(n2	)	intersection	points.	C-4.20	Show	that	the	summation	[7=1	rlog2il	is	O(nlogn).	I	Chapter	Notes	,	11	195	C-4.21	An	evil	king	has	n	bottles	of	wine,	and	a	spy	has	just	poisoned	one
of	them.	Unfortunately,	they	don't	know	which	one	it	is.	The	poison	is	very	deadly;	just	one	drop	diluted	even	a	billion	to	one	will	still	kill.	Even	so,	it	takes	a	full	month	for	the	poison	to	take	effect.	Design	a	scheme	for	determining	exactly	which	one	of	the	wine	bottles	was	poisoned	in	just	one	month's	time	while	expending	O(logn)	taste	testers.	C-4.22
An	array	A	contains	n	integers	taken	from	the	interval	[0,4n],	with	repeti	tions	allowed.	Describe	an	efficient	algorithm	for	determining	an	integer	value	k	that	occurs	the	most	often	in	A.	What	is	the	running	time	of	your	algorithm?	C-4.23	Describe,	in	pseudo-code,	a	method	for	mUltiplying	an	n	X	m	matrix	A	and	an	m	x	p	matrix	B.	Recall	that	the
product	C	=	AB	is	defined	so	that	C[i][j]	=	Lk=1	A[i][k]	.B[k]!)].	What	is	the	running	time	of	your	method?	C-4.24	Suppose	each	row	of	an	n	X	n	array	A	consists	of	l's	and	O's	such	that,	in	any	row	i	of	A,	all	the	l's	come	before	any	O's.	Also	suppose	that	the	num 	ber	of	1's	in	row	i	is	at	least	the	number	in	row	i	+	1,	for	i	0,1,	...	,n	-	2.	Assuming	A	is
already	in	memory,	describe	a	method	running	in	O(n)	time	(not	O(n2	))	for	counting	the	number	of	1's	in	A.	C-4.25	Describe	a	recursive	method	for	computing	the	nth	Harmonic	number,	Hn	L7=11/i.	Projects	t	f	•	~	~	i	P-4.1	Implement	prefixAveragesl	and	prefixAverages2	from	Section	4.2.5,	and	perform	an	experimental	analysis	of	their	running
time~.	Visualize	their	running	times	as	a	function	of	the	input	si~	with	a	log-log	chart.	P-4.2	Perform	a	careful	experimental	analysis	that	compares	the	relative	running	times	of	the	methods	shown	in	Code	Fragments	4.6.	P-4.3	Perform	an	experimental	analysis	to	test	the	hypothesis	that	the	Java	li	brary	method,	java.utiI.Arrays.sort,	runs	in	O(nlogn)
time	on	average.	P-4.4	Perform	an	experimental	analysis	to	determine	the	largest	value	of	n	for	each	of	the	three	algorithms	given	in	the	chapter	for	solving	the	element	uniqueness	problem	such	that	the	given	algorithm	runs	in	one	minute	or	less.	Chapter	Notes	The	big-Oh	notation	has	prompted	several	comments	about	its	proper	use	[1.7,	45,	61].
Knuth	[62,61]	defines	it	using	the	notation	f(n)	O(g(n)),	but	says	this	"equality"	is	only	"one	way."	We	have	chosen	to	take	a	more	standard	view	of	equality	and	view	the	big-Oh	196	Chapter	4.	Mathematical	Foundations	notation	as	a	set,	following	Brassard	[17],	The	reader	interested	in	studying	average-case	analysis	is	referred	to	the	book	chapter	by
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principle.	Objects	can	be	inserted	into	a	stack	at	any	time,	but	only	the	most	recently	inserted	(that	is,	"last")	object	can	be	removed	at	any	time.	The	name	"stack"	is	derived	from	the	metaphor	of	a	stack	of	plates	in	a	spring-loaded,	cafeteria	plate	dispenser.	In	this	case,	the	fundamental	operations	involve	the	"pushing"	and	"popping"	of	plates	on	the
stack.	When	we	need	a	new	plate	from	the	dispenser,	we	"pop"	the	top	plate	off	the	stack,	and	when	we	add	a	plate,	we	"push"	it	down	on	the	stack	to	become	the	new	top	plate.	Perhaps	an	even	more	amusing	metaphor	would	be	a	PEZ®	candy	dispenser,	which	stores	mint	candies	in	a	spring-loaded	container	that	"pops"	out	the	top-most	candy	in	the
stack	when	the	top	of	the	dispenser	is	lifted.	(See	Figure	5.1.)	Stacks	are	a	fundamental	data	structure.	They	are	used	in	many	applications,	including	the	following.	$	Figure	5.1:	A	schematic	drawing	of	a	PEZ®	dispenser;	a	physical	implementation	of	the	stack	ADT.	(PEZ®	is	a	registered	trademark	of	PEZ	Candy,	Inc.)	Example	5.1:	Internet	Web
browsers	store	the	addresses	of	recently	visited	sites	on	a	stack.	Each	time	a	user	visits	a	new	site,	that	site's	address	is	"pushed"	onto	the	stack	of	addresses.	The	browser	then	allows	the	user	to	"pop"	back	to	previously	visited	sites	using	the	"back"	button.	Example	5.2:	Text	editors	usually	provide	an	"undo"	mechanism	that	cancels	re	cent	editing
operations	and	reverts	to	former	states	ofa	document.	This	undo	oper	ation	can	be	accomplished	by	keeping	text	changes	in	a	stack.	S.l.	Stacks	199	5.1.1	The	Stack	Abstract	Data	Type	Stacks	are	the	simplest	of	all	data	structures,	yet	they	are	also	among	the	most	important,	as	they	are	used	in	a	host	of	different	applications	that	include	many	more
sophisticated	data	structures.	Formally,	a	stack	is	an	abstract	data	type	(ADT)	that	supports	the	following	two	methods:	push	(e):	Insert	element	e,	to	be	the	top	of	the	stack.	popO:	Remove	from	the	stack	and	return	the	top	element	on	the	stack;	an	error	occurs	if	the	stack	is	empty.	Additionally,	let	us	also	define	the	following	methods:	sizeO:	Return
the	number	of	elements	in	the	stack.	isEm	ptyO:	Return	a	Boolean	indicating	if	the	stack	is	empty.	topO:	Return	the	top	element	in	the	stack,	without	removing	it;	an	error	occurs	if	the	stack	is	empty.	Example	5.3:	The	following	table	shows	a	series	of	stack	operations	and	their	effects	on	an	initially	empty	stack	S	of	integers.	I	Operation	.	Output	Stack
Contents	push(5)	(5)	push(3}	(5,3)	3	(5)	popO	push(7)	(5,7)	7	popO	(5)	5	topO	(5)	5	popO	0	"error"	popO	0	true	isEmptyO	0	push(9)	(9)	push(7)	(9,7)	push(3)	(9,7,3)	push(5)	(9,7,3,5)	4	sizeO	(9,7,3,5)	'5	popO	(9,7,3)	push(8)	(9,7,3,8)	8	popO	(9,7,3)	3	popO	(9,7)	I	'-!'j	Chapter	s.	Stacks	and	Queues	200	A	Stack	Interface	in	Java	Because	of	its	importance,
the	stack	data	structure	is	included	as	a	"built-in"	class	in	the	java.util	package	of	Java.	Class	java.util.Stack	is	a	data	structure	that	stores	generic	Java	objects	and	includes,	among	others,	the	methods	pushO,	popO,	peekO	(equivalent	to	topO),	sizeO,	and	emptyO	(equivalent	to	isEmptyO).	Methods	popO	and	peekO	throw	exception
EmptyStackException	if	they	are	called	on	an	empty	stack.	While	it	is	convenient	to	just	use	the	built-in	class	java.utiI.Stack,	it	is	instructive	to	learn	how	to	design	and	implement	a	stack	"from	scratch."	Implementing	an	abstract	data	type	in	Java	involves	two	steps.	The	first	step	is	the	definition	of	a	Java	Application	Programming	Interface	(API),	or
simply	interface,	which	describes	the	names	of	the	methods	that	the	ADT	supports	and	how	they	are	to	be	declared	and	used.	In	addition,	we	must	define	exceptions	for	any	error	conditions	that	can	arise.	For	instance,	the	error	condition	that	occurs	when	calling	method	popO	or	topO	on	an	empty	stack	is	signaled	by	throwing	an	exception	of	type
EmptyStackException,	which	is	defined	in	Code	Fragment	5.1.	/**	*	Runtime	*	exception	thrown	when	one	tries	to·	perform	operation	top	or	pop	on	an	empty	stack.	*/	public	class	EmptyStackException	extends	RuntimeException	{	public	EmptyStackException(String	err)	{	super(	err);	}	}	Code	Fragment	5.1:	Exception	thrown	by	methods	popO	and
topO	of	the	Stack	interface	when	called	on	an	empty	stack.	A	complete	Java	interface	for	the	stack	ADT	is	given	in	Code	Fragment	5.2.	Note	that	this	interface	is	very	general	since	it	specifies	that	elements	of	any	given	class	(and	its	subclasses)	can	be	inserted	into	the	stack.	It	achieves	this	generality	by	using	the	concept	of	generics	(Section	2.5.2).
For	a	given	ADT	to	be	of	any	use,	we	need	to	provide	a	concrete	class	that	im 	plements	the	methods	of	the	interface	associated	with	that	ADT.	We	give	a	simple	implementation	of	the	Stack	interface	in	the	following	subsection.	201	5.1.	Stacks	/**	*	Interface	for	a	stack:	a	collection	of	objects	that	are	inserted	*	and	removed	according	to	the	last-in
first-out	principle.	This	*	interface	includes	the	main	methods	of	java.utiI.Stack.	*	*	@author	Roberto	Tamassia	*	@author	Michael	Goodrich	*	@see	EmptyStackException	*/	public	interface	Stack	{	/**	*	Return	the	number	of	elements	in	the	stack.	*	@return	number	of	elements	in	the	stack.	*/	public	int	sizeO;	/**	*	Return	whether	the	stack	is	empty.	*
@return	true	if	the	stack	is	empty,	false	otherwise.	*/	public	boolean	isEmptyO;	/**	*	Inspect	the	element	at	the	top	of	the	stack	..	*	@return	top	element	in	the	stack.	*	@exception	EmptyStackException	if	the	stack	is	empty.	*/	public	E	topO	throws	EmptyStackException;	/**	*	Insert	an	element	at	the	top	of	the	*	@param	element	to	be	inserted.	stack.
*/	public	void	push	(E	element);	/**	*	Remove	the	top	element	from	the	stack.	*	@return	element	removed.	*	@exception	EmptyStackExceptionif	the	stack	is	empty.	*/	public	E	popO	throws	EmptyStackException;	}	Code	Fragment	5.2:	Interface	Stack	documented	with	comments	in	Javadoc	style	(Section	1.9.3).	Note	also	the	use	of	the	generic
parameterized	type,	E,	which	implies	that	a	stack	can	contain	elements	of	any	specified	class.	202	Chapter	5.	Stacks	and	Queues	5.1.2	A	Simple	Array-Based	Stack	Implementation	We	can	implement	a	stack	by	storing	its	elements	in	an	array.	Specifically,	the	stack	in	this	implementation	consists	of	an	N-element	array	S	plus	an	integer	variable	t	that
gives	the	the	index	of	the	top	element	in	array	S.	(See	Figure	5.2.)	o	1	2	t	N-l	Figure	5.2:	Implementing	a	stack	with	an	array	S.	The	top	element	in	the	stack	is	stored	in	the	cell	S[t].	Recalling	that	arrays	start	at	index	0	in	Java,	we	initialize	t	to	1,	and	we	use	this	value	for	t	to	identify	an	empty	stack.	Likewise,	we	can	use	t	to	determine	the	number	of
elements	(t	+	1).	We	also	introduce	a	new	exception,	called	FullStack	Exception,	to	signal	the	error	that	arises	if	we	try	to	insert	a	new	element	into	a	full	array.	Exception	FuliStackException	is	specific	to	this	implementation	and	is	not	defined	in	the	stack	ADT,	however.	We	give	the	details	of	the	array-based	stack	implementation	in	Code	Fragment
5.3.	Algorithm	sizeO:	return	t+	1	Algorithm	isEmptyO:	return	(t	<	0)	Algorithm	topO:	if	isEmptyO	then	throw	a	EmptyStackException	return	S[t]	Algorithm	push	(e):	if	sizeO	=	N	then	throw	a	FullStackException	t	t-	t	1	S[t]	t	-	e	Algorithm	popO:	if	isEmptyO	then	throw	a	EmptyStackException	e	t	-	S[t].	i	S[t]	t	-	null	t	+:	t	L	return	e	Code	Fragment	5.3:
Implementing	a	stack	using	an	array	of	a	given	size,	N.	5.1.	Stacks	203	Analyzing	the	Array-Based	Stack	Implementation	The	correctness	of	the	methods	in	the	array-based	implementation	follows	imme	diately	from	the	definition	of	the	methods	themselves.	There	is,	nevertheless,	a	mildly	interesting	point	here	involving	the	implementation	of	the	pop
method.	Note	that	we	could	have	avoided	resetting	the	old	S[t]	to	null	and	we	would	still	have	a	correct	method.	There	is	a	trade-off	in	being	able	to	avoid	this	assignment	should	we	be	thinking	about	implementing	these	algorithms	in	Java,	however.	The	trade-off	involves	the	Java	garbage	collection	mechanism	that	searches	memory	for	objects	that
are	no	longer	referenced	by	active	objects,	and	reclaims	their	space	for	future	use.	(For	more	details,	see	Section	14.1.3.)	Let	e	S[t]	be	the	top	element	before	the	pop	method	is	called.	By	making	S[t]	a	null	reference,	we	indicate	that	the	stack	no	longer	needs	to	hold	a	reference	to	object	e.	Indeed,	if	there	are	no	other	active	references	to	e,	then	the
memory	space	taken	by	e	will	be	reclaimed	by	the	garbage	collector.	Table	5.1	shows	the	running	times	for	methods	in	a	realization	of	a	stack	by	an	array.	Each	of	the	stack	methods	in	the	array	realization	executes	a	constant	number	of	statements	involving	arithmetic	operations,	comparisons,	and	assignments.	In	addition,	pop	also	calls	isEmpty,
which	itself	runs	in	constant	time.	Thus,	in	this	implementation	of	the	stack	ADT,	each	method	runs	in	constant	time,	that	is,	they	each	run	in	0(1)	time.	Method	Time	size	0(1)	isEmpty	0(1)	top	0(1)	push	0(1)	pop	0(1)	Table	5.1:	Performance	of	a	stack	realized	by	an	array.	The	space	usage	is	O(N),	where	N	is	the	size	of	the	array,	determined	at	the
time	the	stack	is	instantiated.	Note	that	the	space	usage	is	independent	from	the	number	n	~	N	of	elements	that	are	actually	in	the	stack.	A	concrete	Java	implementation	of	the	pseudo-code	of	Code	Fragment	5.3,	with	Java	class	ArrayStack	implementing	the	Stack	interface,	is	given	in	Code	Fragments	5.4	and	5.5.	Unfortunately,	due	to	space
considerations,	we	omit	most	Javadoc	comments	for	this	and	most	other	Java	code	fragments	presented	in	the	remainder	of	this	book.	Note	that	we	use	a	symbolic	name,	CAPACITY,	to	specify	the	capacity	of	the	array.	This	allows	us	to	specify	the	capacity	of	the	array	in	one	place	in	our	code	and	have	that	value	reflected	throughout.	204	Chapter	5.
Stacks	and	Queues	/**	*	Implementation	of	the	stack	ADT	using	a	fixed-length	array.	An	*	exception	is	thrown	if	a	push	operation	is	attempted	when	the	size	*	of	the	stack	is	equal	to	the	length	of	the	array.	This	class	*	includes	the	main	methods	of	the	built-in	class	java.utiI.Stack.	*/	public	class	ArrayStack	implements	Stack	{	protected	int	capacity;	//
The	actual	capacity	of	the	stack	array	public	static	final	int	CAPACITY	=	1000;	//	default	array	capacity	protected	E	S[];	//	Generic	array	used	to	irnplement	the	stack	protected	int	top	=	-1;	//	index	for	the	top	of	the	stack	public	ArrayStackO	{	this(CAPACITY);	//	default	capacity	}	public	ArrayStack(int	cap)	{	capacity	=	cap;	S	(E[])	new
Objett[capacity];	//	compiler	may	give	warning,	but	this	is	ok	}	public	int	sizeO	{	return	(top	+	1);	}	public	boolean	isEmptyO	{	return	(top	<	0);	}	public	void	push(E	element)	throws	FullStackException	{	if	(sizeO	==	capacity)	throw	new	FuIiStackException("Stack	is	full.	II);	S[++top]	=	element;	}	public	E	topO	throws	EmptyStackException	{	if
(isEmptyO)	throw	new	EmptyStackException("Stack	is	empty.	");	return	S[top];	}	public	E	popO	throws	EmptyStackException	{	E	element;	if	(isEmptyO)	throw	new	EmptyStackException("Stack	is	empty.	");	element	=	S[top];	S[top--]	null;	//	dereference	S[top]	for	garbage	collection.	return	element;	}	Code	Fragment	5.4:	Array-based	Java
implementation	of	the	Stack	interface.	(Con	tinues	in	Code	Fragment	5.5.)	205	5.1.	Stacks	public	String	toStringO	{	String	s;	S	II	[II;	if	(sizeO	>	0)	S[OJ;	if	(sizeO	>	1)	for	(int	i	1;	i	result:	------>	result:	------>	result:	------>	result:	------>	result:	------>	result:	------>	result:	------>	result:	------>	result:	------>	result:	new	ArrayStack	A,	returns	null	size	=	0,
isEmpty	=	true,	stack:	[J	A.push(7),	returns	null	size	1,	isEmpty	=	false,	stack:	[7J	A.pop(),	returns	7	size	=	0,	isEmpty	=	true,	stack:	[J	A.push(9),	returns	null	size	=	1,	isEmpty	=	false,	stack:	[9J	A.pop(),	returns	9	size	=	0,	isEmpty	=	true,	stack:	[J	new	ArrayStack	B,	returns	null	size	=	0,	isEmpty	=	true,	stack:	[J	B.push(IIBob	ll	)	,	returns	null	size	=	1,
isEmpty	=	false,	stack:	[BobJ	B.push(HAlice	ll	)	,	returns	null	size	=	2,	isEmpty	=	false,	stack:	[Bob,	AliceJ	B.pop(),	returns	Alice	size	=	1,	isEmpty	=	false,	stack:	[BobJ	B.pushC"Eve	fl	)	,	returns	null	size	=	2,	isEmpty	=	false,	stack:	[Bob,	EveJ	A	Drawback	with	the	Array-Based	Stack	Implementation	i	The	array	implementation	of	a	stack	is	simple	and
efficient	Nevertheless,	this	implementation	has	one	negative	aspect-it	must	assume	a	fixed	upper	bound,	CA	PACITY,	on	the	ultimate	size	of	the	stack.	In	Code	Fragment	5.4,	we	chose	the	capacity	value	1,000	more	or	less	arbitrarily.	An	application	may	actually	need	much	less	space	than	this,	which	would	waste	memory.	Alternatively,	an	applica	tion
may	need	more	space	than	this,	which	would	cause	our	stack	implementation	to	generate	an	exception	as	soon	as	a	client	program	tries	to	push	its	1,001st	object	on	the	stack.	Thus,	even	with	its	simplicity	and	efficiency,	the	array-based	stack	implementation	is	not	necessarily	ideaL	Fortunately,	there	is	another	implementation,	which	we	discuss	next,
that	does	not	have	a	size	limitation	and	use	space	proportional	to	the	actual	number	of	el	ements	stored	in	the	stack.	Still,	in	cases	where	we	have	a	good	estimate	on	the	number	of	items	needing	to	go	in	the	stack,	the	array-based	implementation	is	hard	to	beat.	Stacks	serve	a	vital	role	in	a	number	of	computing	applications,	so	it	is	helpful	to	have	a
fast	stack	ADT	implementation	such	as	the	simple	array-based	implementation.	S.l.	Stacks	207	5.1.3	Implementing	a	Stack	with	a	Generic	Linked	List	In	this	section,	we	explore	using	a	singly	linked	list	to	implement	the	stack	ADT.	In	designing	such	an	implementation,	we	need	to	decide	if	the	top	of	the	stack	is	at	the	head	or	at	the	tail	of	the	list.
There	is	clearly	a	best	choice	here,	however,	since	we	can	insert	and	delete	elements	in	constant	time	only	at	the	head.	Thus,	it	is	more	efficient	to	have	the	top	of	the	stack	at	the	head	of	our	list.	Also,	in	order	to	perform	operation	size	in	constant	time,	we	keep	track	of	the	current	number	of	elements	in	an	instance	variable.	Rather	than	use	a	linked
list	that	can	only	store	objects	of	a	certain	type,	as	we	showed	in	Section	3.2,	we	would	like,	in	this	case,	to	implement	a	generic	stack	using	a	generic	linked	list.	Thus,	we	need	to	use	a	generic	kind	of	node	to	implement	this	linked	list.	We	show	such	a	Node	class	in	Code	Fragment	5.6.	public	class	Node	{	/	/	Instance	variables:	private	E	element;
private	Node	next;	/**	Creates	a	node	with	null	references	to	its	element	and	next	node.	public	NodeO	{	this(null,	null);	}	/**	Creates	a	node	with	the	given	element	and	next	node.	public	Node(E	e,	Node	n)	{	element	e;	next	n;	}	*/	*/	i	/	/	Accessor	methods:	public	E	getElementO	{	return	element;	}	public	I\lode	getNextO	{	return	next;	}	/	/	Modifier
methods:	public	void	setElement(E	newElem)	{	element	=	newElem;	}	public	void	setNext(Node	newNext)	{	next	=	newNext;	}	}	Code	Fragment	5.6:	Class	Node,	which	implements	a	generic	node	for	a	singly	linked	list.	Chapter	5.	Stacks	and	Queues	208	A	Generic	NodeStack	Class	A	Java	implementation	of	a	stack,	by	means	of	a	generic	singly
linked	list,	is	given	in	Code	Fragment	5.7.	All	the	methods	of	the	Stack	interface	are	executed	in	constant	time.	In	addition	to	being	time	efficient,	this	linked	list	implementation	has	a	space	requirement	that	is	O(n),	where	n	is	the	current	number	of	elements	in	the	stack.	Thus,	this	implementation	does	not	require	that	a	new	exception	be	created	to
handle	size	overflow	problems.	We	use	an	instance	variable	top	to	refer	to	the	head	of	the	list	(which	points	to	the	null	object	if	the	list	is	empty).	When	we	push	a	new	element	e	on	the	stack,	we	simply	create	a	new	node	v	for	e,	reference	e	from	v,	and	insert	vat	the	head	of	the	list.	Likewise,	when	we	pop	an	element	from	the	stack,	we	simply	remove
the	node	at	the	head	of	the	list	and	return	its	element.	Thus,	we	perform	all	insertions	and	removals	of	elements	at	the	head	of	the	list.	public	class	NodeStack	implements	Stack	{	protected	Node	top;	/	/	reference	to	the	head	node	protected	int	size;	/	/	number	of	elements	in	the	stack	public	NodeStackO	{	/	/	constructs	an	empty	stack	top	=	null;	size
=,0;	}	public	int	sizeO	{	return	size;	}	public	boolean	isEmptyO	{	if	(top	==	nUll)	return	true;	return	false;	}	public	void	push(E	elem)	{	Node	v	new	Node(elem.	top);	/	/	crea,te	and,	link-in	a	new	node	top	=	v;	size++;	}	public	E	topO	throws	EmptyStackException	{	if	(isEmptyO)	throw	new	EmptyStackException(!!Stack	is	empty.	II);	return
top.getElementO;	}	public	E	popO	throws	EmptyStackException	{	if	(isEmptyO)	throw	new	EmptyStackException(!!Stack	is	empty.	!!);	E	temp	top.getElementO;	top	top.getNext();	/	/	link-out	the	former	top	node	slze--;	return	temp;	}	}	Code	Fragment	5.7:	Class	NodeStack,	which	implements	the	Stack	interface	using	a	singly	linked	list,	whose	nodes
are	objects	of	class	Node	from	Code	Fragment	5.6.	5.1.	Stacks	209	5.1.4	Reversing	an	Array	Using	a	Stack	We	can	use	a	stack	to	reverse	the	elements	in	an	array,	thereby	producing	a	nome	cursive	algorithm	for	the	array-reversal	problem	introduced	in	Section	3.5.1.	The	basic	idea	is	simply	to	push	all	the	elements	of	the	array	in	order	into	a	stack
and	then	fill	the	array	back	up	again	by	popping	the	elements	off	of	the	stack.	In	Code	Fragment	5.8,	we	give	a	Java	implementation	of	this	algorithm.	Incidentally,	this	method	also	illustrates	how	we	can	use	generic	types	in	a	simple	application	that	uses	a	generic	stack.	In	particular,	when	the	elements	are	popped	off	the	stack	in	this	example,	they
are	automatically	returned	as	elements	of	the	Etype;	hence,	they	can	be	immediately	returned	to	the	input	array.	We	show	an	example	use	of	this	method	in	Code	Fragment	5.9.	/**	A	nonrecursive	generic	method	for	reversing	an	array	*/	public	static	void	reverse(E[]	a)	{	Stack<	S	new	ArrayStack(a.length);	for	(int	i=O;	i	<	a.length;	i++)	S.push(a[i]);
for	(int	i=O;	i	<	a.length;	i++)	a[i]	=	S.pop();	}	Code	Fragment	5.8:	A	generic	method	that	reverses	the	elements	in	an	array	of	type	E	objects,	using	a	stack	declared	using	the	Stack	<	E>	interface.	/**	Tester	routine	for	reversing	arrays	*/	public	static	void	main(String	args[])	{	i	Integer[]	a	=	{4.	8,	15,	16,	23.	42};	/	/	autoboxing	allows	this	String(]	s
{"	Jack".	"Kate",	II	Hurley	tI	,"lIJinlf,	"Boone	tl	}	;	System.out.println("a	=	II	+	Arrays.toString(a));	System.out.println(lI	s	=	tI	+	Arrays.toString(s));	System.out.println("Reversing	...	");	reverse(a);	reverse(s);	System.out.println("	a	=	II	+	Arrays.toString(a));	System.out.println("	s	=	II	+	Arrays.toString(s));	}	The	output	from	this	method	is	the
following:	a	=	[4,	8,	15,	16,	23,	42J	s	=	[Jack,.	Kate,	Hurley,	Jin,	MichaelJ	"Reversing	...	"	a	=	[42,	23,	16,	15,	8,	4J	s	=	[Michael,	Jin,	Hurley,	Kate,	JackJ	.	'	.	:	Code	Fragment	5.9:	A	test	of	the	reverse	method	using	two	arrays.	Chapter	S.	Stacks	and	Queues	210	5.1.5	Matching	Parentheses	and	HTML	Tags	In	this	subsection,	we	explore	two	related
applications	of	stacks,	the	first	of	which	is	for	matching	parentheses	and	grouping	symbols	in	arithmetic	expressions.	Arithmetic	expressions	can	contain	various	pairs	of	grouping	symbols,	such	as	•	Parentheses:	"("	and	")"	•	Braces:	"{"	and	"}"	•	Brackets:	"["	and	"]"	•	Floor	function	symbols:	"l"	and	"J"	•	Ceiling	function	symbols:	"f"	and	"l,"	and	each
opening	symbol	must	match	with	its	corresponding	closing	symboL	For	example,	a	left	bracket,	"['''	must	match	with	a	corresponding	right	bracket,	"],"	as	in	the	following	expression:	[(5+x)	(y+z)].	The	following	examples	further	illustrate	this	concept:	•	Correct:	()	(()	){	([	0])	}	•	Correct:	((	()	(()	){	([()	])	}))	•	Incorrect:)	(()	){	([()])	}	•	Incorrect:	({	[1)
}	•	Incorrect:	(.	We	leave	the	precise	definition	of	matching	of	grouping	symbols	to	Exercise	R-5.6.	An	Algorithm	for	Parentheses	Matching	An	important	problem	in	processing	arithmetic	expressions	is	to	make	sure	their	grouping	symbols	match	up	correctly.	We	can	use	a	stack	S	to	perform	the	matching	of	grouping	symbols	in	an	arithmetic
expression	with	a	single	left-to-right	scan.	The	algorithm	tests	that	left	and	right	symbols	match	up	and	also	that	the	left	and	right	symbols	are	both	of	the	same	type.	Suppose	we	are	given	a	sequence	X	=	XOXIX2	..	,Xn-b	where	each	Xi	is	a	token	that	can	be	a	grouping	symbol,	a	variable	name,	an	arithmetic	operator,	or	a	number.	The	basic	idea
behind	checking	that	the	grouping	symbols	in	S	match	correctly,	is	to	process	the	tokens	in	X	in	order.	Each	time	we	encounter	an	opening	symbol,	we	push	that	symbol	onto	S,	and	each	time	we	encounter	a	closing	symbol,	we	pop	the	top	symbol	from	the	stack	S	(assuming	S	is	not	empty)	and	we	check	that	these	two	symbols	are	of	the	same	type.	If
the	stack	is	empty	after	we	have	processed	the	whole	sequence,	then	the	symbols	in	X	match.	Assuming	that	the	push	and	pop	operations	are	implemented	to	run	in	constant	time,	this	algorithm	runs	in	O(n),	that	is	linear,	time.	We	give	a	pseudo-code	description	of	this	algorithm	in	Code	Fragment	5.10.	211	5.1.	Stacks	Algorithm	ParenMatch(X,n):
Input:	An	array	X	of	n	tokens,	each	of	which	is	either	a	grouping	symbol,	a	variable,	an	arithmetic	operator,	or	a	number	Output:	true	if	and	only	if	all	the	grouping	symbols	in	X	match	Let	S	be	an	empty	stack	for	it-O	to	n	-	1	do	if	Xli]	is	an	opening	grouping	symbol	then	S.push(X[i])	else	if	Xli]	is	a	closing	grouping	symbol	then	if	S.isEmptyO	then
{nothing	to	match	with}	return	false	if	S.popO	does	not	match	the	type	of	Xli]	then	{wrong	type}	return	false	if	S.isEmptyO	then	return	true	{every	symbol	matched}	else	return	false	{some	symbols	were	never	matched}	Code	Fragment	5.10:	Algorithm	for	matching	grouping	symbols	in	an	arithmetic	expression.	Matching	Tags	in	an	HTML"
Document	Another	application	in	which	matching	is	important	is	in	the	validation	of	HTML	documents.	HTML	is	the	standard	format	for	hyperlinked	documents	on	the	In	ternet.	In	an	HTML	document,	portions	of	text	are	delimited	by	HTML	tags.	A	simple	opening	HTML	tag	has	the	form	""	and	the	corresponding	closing	tag	has	the	form	"."
Commonly	used	HTML	tags	include	•	body:	document	body	•	hl:	section	header	•	center:	center	justify	•	p:	paragraph	•	01:	numbered	(ordered)	list	•	Ii:	list	item.	Ideally,	an	HTML	document	should	have	matching	tags,	although	most	browsers	tolerate	a	certain	number	of	mismatching	tags.	~':j	.~	..	Chapter	5.	Stacks	and	Queues	212	We	show	a
sample	HTML	document	and	a	possible	rendering	in	Figure	5.3.	The	Little	Boat	The	storm	tossed	the	little	boat	like	a	cheap	sneaker	in	an	old	washing	machine.	The	three	drunken	fishermen	were	used	to	such	treatment,	of	course,	but	not	the	tree	salesman,	who	even	as	a	stowaway	now	felt	that	he	had	overpaid	for	the	voyage.	Will	the	salesman	die?
What	color	is	the	boat?	And	what	about	Naomi?	(a)	The	Little	Boat	The	storm	tossed	the	little	boat	like	a	cheap	sneaker	in	an	old	washing	machine.	The	three	drunken	fishermen	were	used	to	such	treatment,	of	course,	but	not	the	tree	salesman,	who	even	as	a	stowaway	now	felt	that	he	had	overpaid	for	the	voyage.	1.	Will	the	salesman	die?	2.	What
color	is	the	boat?	3.	And	what	about	Naomi?	(b)	Figure	5.3:	Illustrating	HTML	tags.	(a)	An	HTML	document;	(b)	its	rendering.	Fortunately,	more	or	less	the	same	algorithm	as	in	Code	Fragment	5.10	can	be	used	to	match	the	tags	in	an	HTML	document.	In	Code	Fragments	5.11	and	5.12,	we	give	a	Java	program	for	matching	tags	in	an	HTML
document	read	from	stan	dard	input.	For	simplicity,	we	assume	that	all	tags	are	the	simple	opening	or	closing	tags	defined	above	and	that	no	tags	are	formed	incorrectly.	i	import	java.io.	*;	import	java.util.5canner;	import	net.datastructures.	*;	/**	Simplified	test	of	matching	tags	in	an	HTML	document.	*/	public	class	HTM	L	{	/**	Strip	the	first	and	last
characters	off	a	string.	*/	public	static	String	stripEnds(String	t)	{	if	(t.lengthO	]	*>,"	which	denotes	a	string	that	starts	with	'',	followed	by	a	'>'.	Chapter	5.	Stacks	and	Queues	214	5.2	Queues	Another	fundamental	data	structure	is	the	queue.	It	is	a	close	"cousin"	of	the	stack,	as	a	queue	is	a	collection	of	objects	that	are	inserted	and	removed
according	to	the	first~in	first~out	(FIFO)	principle.	That	is,	elements	can	be	inserted	at	any	time,	but	only	the	element	that	has	been	in	the	queue	the	longest	can	be	removed	at	any	time.	We	usually	say	that	elements	enter	a	queue	at	the	rear	and	are	removed	from	the	front.	The	metaphor	for	this	terminology	is	a	line	of	people	waiting	to	get	on	an
amusement	park	ride.	People	waiting	for	such	a	ride	enter	at	the	rear	of	the	line	and	get	on	the	ride	from	the	front	of	the	line.	5.2.1	The	Queue	Abstract	Data	Type	Formally,	the	queue	abstract	data	type	defines	a	collection	that	keeps	objects	in	a	sequence,	where	element	access	and	deletion	are	restricted	to	the	first	element	in	the	sequence,	which	is
called	the	front	of	the	queue,	and	element	insertion	is	restricted	to	the	end	of	the	sequence,	which	is	called	the	rear	of	the	queue.	This	restriction	enforces	the	rule	that	items	are	inserted	and	deleted	in	a	queue	according	to	the	first-in	first-out	(FIFO)	principle.	The	queue	abstract	data	type	(ADT)	supports	the	following	two	fundamental	methods:
enqueue(	e):	Insert	element	e	at	the	rear	of	the	queue.	dequeueO:	Remove	and	return	from	the	queue	the	object	at	the	front;	an	error	occurs	if	the	queue	is	empty.	Additionally,	similar	to	the	case	with	the	stack	ADT,	the	queue	ADT	includes	the	following	supporting	methods:	sizeO:	Return	the	number	of	objects	in	the	queue.	isEmptyO:	Return	a
Boolean	value	that	indicates	whether	the	queue	is	empty.	frontO:	Return,	but	do	not	remove,	the	front	object	in	the	queue;	an	error	occurs	if	the	queue	is	empty.	5.2.	Queues	215	The	following	table	shows	a	series	of	queue	operations	and	their	effects	on	an	initially	empty	queue	Q	of	integer	objects.	For	simplicity,	we	use	integers	instead	ofinteger
objects	as	arguments	of	the	operations.	_-_-	Operation	Output	I	-f(ont	t-	Q	t-	rear	I	enqueue(5)	-:	(5)	enqueue(3)	(5,3)	dequeue()	5	(3)	enqueue(7)	(3,7)	dequeueO	3	(7)	7	(7)	front	0	dequeue()	7	0	true	isEmptyO	()	enqueue(9)	(9)	1	(9)	sizeO	Example	5.4:	....................	....................	_---	...................	_--_	.....................	i	There	are	several	possible	applications
for	queues.	Stores,	theaters,	reservation	centers,	and	other	similar	services	typically	process	customer	requests	according	to	the	FIFO	principle.	A	queue	would	therefore	be	a	logical	choice	for	a	data	structure	to	handle	calls	to	the	reservation	center	of	the	box	office	of	a	theater.	The	java.util.Queue	Interface	in	Java	Java	provides	a	type	of	queue
interface,	java.utiI.Queue,	which	has	functionality	similar	to	the	traditional	queue	ADT,	given	above,	but	the	documentation	for	the	java.util.Queue	interface	does	not	insist	that	it	support	only	the	FIFO	principle.	When	supporting	the	FIFO	principle,	the	methods	of	the	java.utij.Queue	interface	have	the	equivalences	with	the	queue	ADT	shown	in	Table
5.2.	Queue	ADT	Interface	java.util.Queue	sizeO	I	~s_iz_e(-,,-)~_---..,	I	isEmptyO.	isEmpty()	enqueue(e)	I	add(e)	or	offer(e)	dequeueO	remove()	or	poliO	~ontO	peekO	or	element()	i	i	!	Table	5.2:	Methods	of	the	queue	ADT	and	corresponding	methods	of	the	interface	java.utiI.Queue,	when	supporting	the	FIFO	principle.	Concrete	classes	in	Java	that
implement	the	java.util.Queue	interface	to	support	the	FIFO	principle	include	the	following:	.	•	java.util.concurrent.ArrayBlockingQueue	•	java.util.concurrent.ConcurrentLinkedQueue	•	java.	util.concurrent.	Lin	ked	Blocki	ngQueue	Chapter	5.	Stacks	and	Queues	216	A	FIFO	Queue	Interface	in	Java	A	Java	interface	for	the	queue	ADT	is	given	in	Code
Fragment	5.13.	This	generic	interface	specifies	that	objects	of	arbitrary	object	types	can	be	inserted	into	the	queue,	and	it	uses	a	generic	identifier,	E,	to	refer	to	this	arbitrary	type.	Thus,	we	don't	have	to	use	explicit	casting	when	removing	elements.	public	interface	Queue	{	/**	*	Returns	the	number	of	elements	in	the	queue.	*	@return	number	of
elements	in	the	queue.	*/	public	int	sizeO;	/**	*	Returns	*	whether	the	queue	is	empty.	@return	true	if	the	queue	is	empty,	false	otherwise.	*/	public	boolean	isEmptyO;	/**	*	Inspects	the	element	at	the	front	of	the	queue.	*	@return	element	at	the	front	of	the	queue.	*	@exception	EmptyQueueException	if	the	queue	is	empty.	*/	public	E	frontO	throws
EmptyQueueException;	/**	*	Inserts	an	element	at	the	rear	of	the	queue.	*	@param	element	new	element	to	be	inserted.	*/	public	void	enqueue	(E	element);	/**	*	Removes	the	element	at	the	front	of	the	queue.	*	@return	element	removed.	*	@exception	EmptyQueueException	if	the	queue	is	empty.	*/	public	E	dequeueO	throws	EmptyQueueException;
}	Code	Fragment	5.13:	A	Java	interface,	Queue,	documented	with	comments	in	Javadoc	style,	which	implements	the	queue	ADT,	with	a	standard	FIFO	protocol	for	insertions	and	removals.	Note	that	the	size	and	isEmpty	methods	have	the	same	meaning	as	their	counter	parts	in	the	stack	ADT.	These	two	methods,	as	well	as	the	front	method,	are
known	as	accessor	methods,	for	they	return	a	value	and	do	not	change	the	contents	of	the	data	structure.	2tl	~2Q~u~	5.2.2	A	Simple	Array-Based	Queue	Implementation	Let	us	now	consider	how	we	could	implement	a	queue	using	an	array,	Q,	of	fixed	capacity,	to	store	its	elements.	Since	the	main	rule	with	the	queue	ADT	is	that	we	insert	and	delete
objects	according	to	the	FIFO	principle,	we	must	decide	how	we	are	going	to	keep	track	of	the	front	and	rear	of	the	queue.	One	possibility	is	to	adapt	the	approach	we	used	for	the	stack	implementation,	letting	Q[O]	be	the	front	of	the	queue	and	then	letting	the	queue	grow	from	there.	This	is	not	an	efficient	solution,	however,	for	it	requires	that	we
move	all	the	elements	forward	one	array	cell	each	time	we	perform	a	dequeue	operation.	Such	an	implementation	would	therefore	take	O(n)	time	to	perform	the	dequeue	method,	where	n	is	the	current	number	of	objects	in	the	queue.	To	avoid	moving	objects	once	they	are	placed	in	Q,	we	define	two	variables,	f	and	r,	which	have	the	following
meanings:	•	f	is	an	index	to	the	cell	of	Q	storing	the	first	element	of	the	queue	(which	is	the	next	candidate	to	be	removed	by	a	dequeue	operation),	unless	the	queue	is	empty	(in	which	case	f	=	r).	•	r	is	an	index	to	the	next	available	array	cell	in	Q.	Initially,	we	assign	f	=	r	=	0,	which	indicates	that	the	queue	is	empty.	Now,	when	we	remove	an	element
from	the	front	of	the	queue,	we	increment	f	to	in	dex	the	next	celL	Likewise,	when	we	add	an	element,	we	store	it	in	cell	Q[r]	and	increment	r	to	index	the	next	available	cell	in	Q.	This	scheme	allows	us	to	imple	ment	methods	front,	enq	ueue,	and	dequeue	in	constant	time,	that	is,	O(	1)	time.	However,	there	is	still	a	problem	with	this	approach.
Consider,	for	example,	what	happens	if	we	repeatedly	enquelJe	and	dequeue	a	single	element	N	different	times.	We	would	have	f	=	r	=	N.	If	we	were	then	to	try	to	insert	the	element	just	one	more	time,	we	would	get	an	array-out-of-bounds	error,	even	though	there	is	plenty	of	room	in	the	array	in	this	case.	To	be	able	to	utilize	all	of	the	array	Q,	we	let
the	f	and	r	indices	"wrap	around"	the	end	of	Q.	That	is,	we	now	view	Q	as	a	"circular	array"	that	goes	from	Q[O]	to	Q[N	1]	and	then	back	to	Q[O]	again.	(See	Figure	5.4.)	r	N-l	f	N-l	Figure	5.4:	Using	array	Q	in	a	circular	fashion:	(a)	the	"normal"	configuration	with	f	:::;	r;	(b)	the	"wrapped	around"	configuration	with	r	<	f.	Chapter	5.	Stacks	and	Queues
218	Using	the	Modulo	Operator	to	Implement	a	Circular	Array	Implementing	this	circular	view	of	Q	is	actually	pretty	easy.	Each	time	we	incre	ment	f	or	r,	we	compute	this	increment	as	"(f	1)	mod	N"	or	"(r	1)	mod	N,"	respectively.	Recall	that	operator"	mod"	is	the	modulo	operator,	which	is	computed	by	tak	ing	the	remainder	after	an	integral	division.
For	example,	14	divided	by	4	is	3	with	remainder	2,	so	14	mod	4	2.	Specifically,	given	integers	x	and	y	such	that	x	~	and	y	>	0,	we	have	x	mod	y	x	lx/y	Jy.	That	is,	if	r	=	x	mod	y,	then	there	is	a	nonnegative	integer	q,	such	that	x	-	qy	+r.	Java	uses	"%"	to	denote	the	modulo	operator.	By	using	the	modulo	operator,	we	can	view	Q	as	a	circular	array	and
im 	plement	each	queue	method	in	a	constant	amount	of	time	(that	is,	O(	1)	time).	We	describe	how	to	use	this	approach	to	implement	a	queue	in	Code	Fragment	5.14.	°	Algorithm	sizeO:	return	(N	-	f	+	r)	mod	N	Algorithm	isEmptyO:	return	(f	=	r)	Algorithm	frontO:	if	isEmpty()	then	throw	a	EmptyQueueException	return	Q[f]	Algorithm	dequeue():	if
isEmpty()	then	throw	a	EmptyQueueException	temp	~	Q[f]	Q[fl	i	~	null	(f	+	1)	mod	N	return	temp	f	~	Algorithm	enqueue(	e):	if	sizeO	=	N	1	then	throw	a	FuliQueueException	Q[r]	~	e	r	~	(r+	1)	mod	N	Code	Fragment	5.14:	Implementation	of	a	queue	using	a	circular	array.	The	imple	mentation	uses	the	modulo	operator	to	"wrap"	indices	around	the
end	of	the	array	and	it	also	includes	two	instance	variables,	f	and	r,	which	index	the	front	of	the	queue	and	first	empty	cell	after	the	rear	of	the	queue	respectively.	5.2.	Queues	219	The	implementation	above	contains	an	important	detail,	which	might	be	missed	at	first.	Consider	the	situation	that	occurs	if	we	enqueue	N	objects	into	Q	without
dequeuing	any	of	them.	We	would	have	f	-	r,	which	is	the	same	condition	that	occurs	when	the	queue	is	empty.	Thus,	we	would	not	be	able	to	tell	the	difference	between	a	full	queue	and	an	empty	one	in	this	case.	Fortunately,	this	is	not	a	big	problem,	and	a	number	of	ways	for	dealing	with	it	exist.	The	solution	we	describe	here	is	to	insist	that	Q	can
never	hold	more	than	N	1	objects.	This	simple	rule	for	handling	a	full	queue	takes	care	of	the	final	problem	with	our	implementation,	and	leads	to	the	pseudo-coded	descriptions	of	the	queue	methods	given	in	Code	Fragment	5.14.	Note	our	introduction	of	an	implementation-specific	exception,	called	FuliQueueException,	to	signal	that	no	more
elements	can	be	inserted	in	the	queue.	Also	note	the	way	we	compute	the	size	of	the	queue	by	means	of	the	expression	(N	f	r)	mod	N,	which	gives	the	correct	result	both	in	the	"normal"	configuration	(when	f	<	r)	and	in	the	"wrapped	around"	configuration	(when	r	<	f).	The	Java	implementation	of	a	queue	by	means	of	an	array	is	similar	to	that	of	a
stack,	and	is	left	as	an	exercise	(P-5.9).	Table	5.3	shows	the	running	times	of	methods	in	a	realization	of	a	queue	by	an	array.	As	with	our	array-based	stack	implementation,	each	of	the	queue	methods	in	the	array	realization	executes	a	constant	number	of	statements	involving	arithmetic	operations,	comparisons,	and	assignments.	Thus,	each	method	in
this	implementa	tion	runs	in	O(	1)	time.	s	0(1)	0(1)	0(1)	enqueue	0(1)	dequeue	0(1)	Table	5.3:	Performance	of	a	queue	realized	by	an	array.	The	space	usage	is	O(N),	where	N	is	the	size	of	the	array,	determined	at	the	time	the	queue	is	created.	Note	that	the	space	usage	is	independent	from	the	number	n	<	N	of	elements	that	are	actually	in	the	queue.
As·	with	the	array~based	stack	implementation,	the	only	real	disadvantage	of	.thearray;.basedqueue	implementation	is	that	we	artificially	set	the	capacity	of	the	queue	to	be	some	fixed	value.	In	a	real	application,	we	may	actually	need	more	or	less	queue	capacity	than	this,	but	if	we	have	a	good	capacity	estimate,	then	the	array-based	implementation
is	quite	efficient.	220	Chapter	S.	Stacks	and	Queues	5.2.3	Implementing	a	Queue	with	a	Generic	Linked	List	We	can	efficiently	implement	the	queue	ADT	using	a	generic	singly	linked	list.	For	efficiency	reasons,	we	choose	the	front	of	the	queue	to	be	at	the	head	of	the	list,	and	the	rear	of	the	queue	to	be	at	the	tail	of	the	list.	In	this	way,	we	remove
from	the	head	and	insert	at	the	taiL	(Why	would	it	be	bad	to	insert	at	the	head	and	remove	at	the	tail?)	Note	that	we	need	to	maintain	references	to	both	the	head	and	tail	nodes	of	the	list.	Rather	than	go	into	every	detail	of	this	implementation,	we	simply	give	a	Java	implementation	for	the	fundamental	queue	methods	in	Code	Fragment	5.15.	public
void	enqueue(E	elem)	{	Node	node	=	new	NodeO;	node.setElement(elem);	node.setNext(null);	/	/	node	will	be	new	tail	node	if	(size	==	0)	head	=	node;	/	/	special	case	of	a	previously	empty	queue	else	tail.setNext(node);	/	/	add	node	at	the	tail	of	the	list	tail	=	node;	/	/	update	the	reference	to	the	tail	node	size++;	}	public	E	dequeueO	throws
EmptyQueueException	{	if	(size	==	0)	throw	new	EmptyQueueException(IIQueue	is	empty.	");	E	tmp	=	head.getElementO;	head	head.getNextO;	size--;	if	(size	==	0)	tail	null;	/	/	the	queue	is	now	empty	return	tmp;	}	I	Code'	Fragment	5.15:	Methods	enqueue	and	dequeue	in	the	implementation	of	the	queue	ADT	by	means	of	a	singly	linked	list,	using
nodes	from	class	Node	of	Code	Fragment	5.6.	Each	of	the	methods	of	the	singly	linked	list	implementation	of	the	queue	ADT	runs	in	O(	1)	time.	We	also	avoid	the	need	to	specify	a	maximum	size	for	the	queue,	as	was	done	in	the	array-based	queue	implementation,	but	this	benefitcomes	at	the	expense	of	increasing	the	amount	of	space	used	per
element.	Still,	the	methods	in	the	.singly	linked	list	queue	implementation	are	more	complicated	than	we	might	like,	for	we	must	take	extra	care	in	how	we	deal	with	special	cases	where	the	queue	is	empty	before	an	enqueue	or	where	the	queue	becomes	empty	after	a	dequeue.	5.2.	Queues	5.2.4	221	Round	Robin	Schedulers	A	popular	use	of	the
queue	data	structure	is	to	implement	a	round	robin	scheduler,	where	we	iterate	through	a	collection	of	elements	in	a	circular	fashion	and	"service"	each	element	by	performing	a	given	action	on	it.	Such	a	schedule	is	used,	for	example,	to	fairly	allocate	a	resource	that	must	be	shared	by	a	collection	of	clients.	For	instance,	we	can	use	a	round	robin
scheduler	to	allocate	a	slice	of	CPU	time	to	various	applications	running	concurrently	on	a	computer.	We	can	implement	a	round	robin	scheduler	using	a	queue,	Q,	by	repeatedly	performing	the	following	steps	(see	Figure	5.5):	1.	e{-	Q.dequeueO	2.	Service	element	e	3.	Q.enqueue(e)	The	Queue	DDDDDD	2.	Service	the	next	element	Figure	5.5:	The
three	iterative	steps	for	using	a	queue	to	implement	a	round	robin	scheduler.	The	Josephus	Problem	In	the	children's	game	"hot	potato,"	a	group	of	n	children	sit	in	a	circle	passing	an	object,	called	the	"potato,"	around	the	circle.	The	potato	begins	with	a	starting	child	in	the	circle,	and	the	children	continue	passing	the	potato	until	a	leader	rings	a	bell,
at	which	point	the	child	holding	the	potato	must	leave	the	game	after	handing	the	potato	to	the	next	child	in	the	circle.	After	the	selected	child	leaves,	the	other	children	close	up	the	circle.	This	process	is	then	continued	until	there	is	only	one	child	remaining,	who	is	declared	the	winner.	If	the	leader	always	uses	the	strategy	of	ringing	the	bell	after
the	potato	has	been	passed	k	times,	for	some	fixed	value	k,	then	determining	the	winner	for	a	given	list	of	children	is	known	as	the	Josephus	problem.	Chapter	5.	Stacks	and	Queues	222	Solving	the	Josephus	Problem	Using	a	Queue	We	can	solve	the	Josephus	problem	for	a	collection	of	n	elements	using	a	queue,	by	associating	the	potato	with	the
element	at	the	front	of	the	queue	and	storing	el	ements	in	the	queue	according	to	their	order	around	the	circle.	Thus,	passing	the	potato	is	equivalent	to	dequeuing	an	element	and	immediately	enqueuing	it	again.	After	this	process	has	been	performed	k	times,	we	remove	the	front	element	by	de	queuing	it	from	the	queue	and	discarding	it.	We	show	a
complete	Java	program	for	solving	the	Josephus	problem	using	this	approach	in	Code	Fragment	5.16,	which	describes	a	solution	that	runs	in	O(nk)	time.	(We	can	solve	this	problem	faster	using	techniques	beyond	the	scope	of	this	book.)	import	net.datastructures.	*;	public	class	Josephus	{	/**	Solution	of	the	Josephus	problem	using	a	queue.	*1	public
static	E	Josephus(Queue	Q,	int	k)	{	if	(Q.isEmptyO)	return	null;	while	(Q.sizeO	>	1)	{	System.out.println(1I	Queue:	II	+	Q	+	II	k	=	II	+	k);	for	(int	i=O;	i	<	k;	i++)	Q.enqueue(Q.dequeueO);	II	move	the	front	element	to	the	end	E	e	=	Q.dequeue();	II	remove	the	front	element	from	the	collection	System.out.println(1I	II	+	e	+	It	is	out	");	}	return
Q.dequeueO;	II	the	winner	}	/**	Build	a	queue	from	an	array	of	objects	*1	5	public	static	Queue	buildQueue(E	am	{	Queue	Q	=	new	NodeQueueO;	for	(int	i=O;	i	>	pos)	throws	InvalidPositionException	{	pos,addLast(v);	if	(hasLeft(v))	preorderPositions(left(v),	pos);	/	/	recurse	on	left	child	if	(hasRight(v))	preorderPositions(right(v),	pos);	/	/	recurse	on
right	child	}	Code	Fragment	7.20:	Portions	of	the	LinkedBinaryTree	class,	which	implements	the	BinaryTree	interface.	(Continued	from	Code	Fragment	7.19.)	309	7.3.	Binary	Trees	Performance	of	the	LinkedBinaryTree	Implementation	Let	us	now	analyze	the	running	times	of	the	methods	of	class	LinkedBinaryTree,	which	uses	a	linked	structure
representation:	•	Methods	sizeO	and	isEmptyO	use	an	instance	variable	storing	the	number	of	nodes	of	T,	and	each	take	0	(1)	time.	•	The	accessor	methods	root,	left,	right,	sibling	and	parent	take	0(1)	time.	•	Method	replace(v,e)	takes	0(1)	time.	•	Methods	iteratorO	and	positionsO	are	implemented	by	performing	a	pre	order	traversal	of	the	tree
(using	the	auxiliary	method	preorderPositions).	The	nodes	visited	by	the	traversal	are	stored	in	a	position	list	implemented	by	class	NodePositionList	(Section	6.2.4)	and	the	output	iterator	is	gener	ated	with	method	iteratorO	of	class	NodePositionList.	Methods	iterator()	and	positionsO	take	O(n)	time	and	methods	hasNextO	and	next()	of	the	returned
iterators	run	in	O(	1)	time.	•	Method	children	uses	a	similar	approach	to	construct	the	returned	iterable	collection,	but	it	runs	in	O(	1)	time,	since	there	are	at	most	two	children	for	any	node	in	a	binary	tree.	•	The	update	methods	insertLeft,	insertRight,	attach,	and	remove	all	run	in	0(1)	time,	as	they	involve	constant-time	manipulation	of	a	constant
number	of	nodes.	Considering	the	space	required	by	this	data	structure	for	a	tree	with	n	nodes,	note	that	there	is	an	object	of	class	BTNode	(Code	Fragment	7.11)	for	every	node	of	tree	T.	Thus,	the	overall	space	requirement	is	O(n).	Table	7.2	summarizes	the	performance	of	the	linked	structure	implementation	of	a	binary	tree.	I	Operation	size,
isEmpty	iterator,	positions	replace	root,	parent,	children,	left,	right,	sibling	hasLeft,	hasRight,	islnternal,	isExternal,	isRoot	insertLeft,	insertRight,	attach,	remove	Time	0(1)	O(n)	•	0(1)	0(1)	0(1)	0(1)	".	'Table"7:2:Rtinnil1gtimes	for	the	methods	of	an	n-node	binary	tree	implemented	wIth	a	lil1ked	structure.	Methods	hasNext()	and	next()	of	the	iterators
returned	by	iteratorO,	positionsO.iteratorO,	and	chiidren(v).iteratorO	run	in	0(1)	time.	The	space	usage	is	O(n).	Chapter	7.	Tree	Structures	310	7.3.5	An	Array-List	Representation	of	a	Binary	Tree	An	alternative	representation	of	a	binary	tree	T	is	based	on	a	way	of	numbering	the	nodes	of	T.	For	every	node	v	of	T,	let	p(v)	be	the	integer	defined	as
follows.	•	If	v	is	the	root	of	T,	then	p(v)	-	1.	•	If	v	is	the	left	child	of	node	u,	then	p(v)	•	If	v	is	the	right	child	of	node	u,	then	p(	v)	2p(	u).	=	2p(	u)	+	1.	The	numbering	function	p	is	known	as	a	level	numbering	of	the	nodes	in	a	binary	tree	T,	for	it	numbers	the	nodes	on	each	level	of	T	in	increasing	order	from	left	to	right,	although	it	may	skip	some
numbers.	(See	Figure	7.15.)	(a)	(b)	Figure	7.15:	Binary	tree	level	numbering:	(a)	general	scheme;	(b)	an	example.	The	level	numbering	function	p	suggests	a	representation	of	a	binary	tree	T	by	means	of	an	array	list	S	such	that	node	v	of	T	is	the	element	of	S	at	index	p(v).	As	mentioned	in	the	previous	chapter,	we	realize	the	array	list	S	by	means	of	an
ex	tendablearray.(See	Section	6.1.4.)	Such	an	implementation	is	simple	and	efficient,	for.	we	can	use	it	to	easily	perform	the	methods	root,	parent,	left,	right,	hasLeft,	has	Right,	islnternal,	isExternal,	and	isRoot	by	using	simple	arithmetic	operations	on	the	numbers	p(v)	associated	with	each	node	v	involved	in	the	operation.	We	leave	the	details	of	this
implementation	as	an	exercise	(R-7.26).	.	7.3.	Binary	Trees	311	We	show	an	example	array-list	representation	of	a	binary	tree	in	Figure	7.16.	....	--	....	,	T	"""'"	+)"'"	...	,	J	J	\	J	\	J	\	\	I	I	I	G)	I	III	I	I	I	I	I	s	o	1	2	3	4	5	6	7	8	9	10	11	12	13	Figure	7.16:	Representation	of	a	binary	tree	T	by	means	of	an	array	list	S.	Let	n	be	the	number	of	nodes	of	T,	and	let	PM	be
the	maximum	value	of	p(v)	over	all	the	nodes	of	T.	The	array	list	Shas	size	N	PM	+1	since	the	element	of	Sat	index	0	is	not	associated	with	any	node	of	T.	Also,	Swill	have,	in	general,	a	number	of	empty	elements	that	do	not	refer	to	existing	nodes	of	T.	In	fact,	in	the	worst	case,	N	=	2n	,	the	justification	of	which	is	left	as	an	exercise	(R-7.23).	In	Section
8.3,	we	will	see	a	class	of	binary	trees,	called	"heaps"	for	which	N	=	~	+	1.	Thus,	in	spite	of	the	worst-case	space	usage,	there	are	applications	for	which	the	array-list	representation	of	a	binary	tree	is	space	efficient.	Still,	for	general	binary	trees,	the	exponential	worst-case	space	requirement	of	this	representation	is	prohibitive.	Table	7.3	summarizes
running	times	of	the	methods	of	a	binary	tree	imple	mented	with	an	array	list.	We	do	not	include	any	tree	update	methods	here.	Operation	size,	isEmpty	iterator,	positions	replace	root,	parent,	children,	left,	right	~~~~~~~	hasLeft,	hasRight,islnternal,	isExternal,	isR	I	Table	7.3:	Running	times	for	a	binary	tree	T	implemented	with	an	array	list	S.	We
denote	the	number	of	nodes	of	T	with	n,	and	N	denotes	the	size	of	S.	The	space	usage	is	O(N),	which	is	O(2n)	in	the	worst	case.	312	Chapter	7..	Tree	Structures	7.3.6	Traversals	of	Binary	Trees	As	with	general	trees,	binary	tree	computations	often	involve	traversals.	Building	an	Expression	Tree	Consider	the	problem	of	constructing	an	expression	tree
from	a	fully	parenthesized	arithmetic	expression	of	size	n.	(Recall	Example	7.9	and	see	Code	Fragment	7.24.)	In	Code	Fragment	7.21,	we	give	algorithm	build	Expression	for	building	such	an	expression	tree,	assuming	all	arithmetic	operations	are	binary	and	variables	are	not	parenthesized.	Thus,	every	parenthesized	sUbexpression	contains	an
operator	in	the	middle.	The	algorithm	uses	a	stack	S	while	scanning	the	input	expression	E	looking	for	variables,	operators,	and	right	parentheses.	•	When	we	see	a	variable	or	operator	x,	we	create	a	single-node	binary	tree	T,	whose	root	stores	x	and	we	push	T	on	the	stack.	•	When	we	see	a	right	parenthesis,	")",	we	pop	the	top	three	trees	from	the
stack	S,	which	represent	a	subexpression	(E1	OE2).	We	then	attach	the	trees	for	E1	and	E2	to	the	one	for	0,	and	push	the	resulting	tree	back	on	S.	We	repeat	this	until	the	expression	E	has	been	processed,	at	which	time	the	top	element	on	the	stack	is	the	expression	tree	for	E.	The	total	running	time	is	O(n).	Algorithm	buildExpression(E):	Input:	A
fully-parenthesized	arithmetic	expression	E	eO,el,	...	,en-I,	with	each	ei	being	a	variable,	operator,	or	parenthetic	symbol	Output:	A	binary	tree	T	representing	arithmetic	expression	E·	i	S	t	-	a	new	initially-empty	stack	for	it-O	to	n	-	1	do	if	ei	is	a	variable	or	an	operator	then	T	t-	a	new	empty	binary	tree	T.addRoot(ei)	S.push(T)	else	if	ei	='('	then
Continue	looping	else	{ei	)'}	T2	S.popO	{the	tree	representing	E2}	T	S.pop()	{the	tree	representing	o}	T1	t	-	S.popO	{the	tree	representing	Ed	T.attach	(T.rootO)	T1,	T2)	S.push(T)	return	S.popO	Code	Fragment	7.21:	Algorithm	buildExpression.	7.3.	Binary	Trees	313	Preorder	Traversal	of	a	Binary	Tree	Since	any	binary	tree	can	also	be	viewed	as	a
general	tree,	the	preorder	traversal	for	general	trees	(Code	Fragment	7.8)	can	be	applied	to	any	binary	tree.	We	can	simplify	the	algorithm	in	the	case	of	a	binary	tree	traversal,	however,	as	we	show	in	Code	Fragment	7.22.	Algorithm	binaryPreorder(T,	v):	perform	the	"visit"	action	for	node	v	if	v	has	a	left	child	u	in	T	then	binaryPreorder(T,u)
{recursively	traverse	left	subtree}	if	v	has	a	right	child	w	in	T	then	binaryPreorder(T,	w)	{recursively	traverse	right	subtree}	Code	Fragment	7.22:	Algorithm	binaryPreorder	for	performing	the	preorder	traver	sal	of	the	subtree	of	a	binary	tree	T	rooted	at	a	node	v.	As	is	the	case	for	general	trees,	there	are	many	applications	of	the	preorder	traversal
for	binary	trees.	Postorder	Traversal	of	a	Binary	Tree	Analogously,	the	postorder	traversal	for	general	trees	(Code	Fragment	7.11)	can	be	specialized	for	binary	trees,	as	shown	in	Code	Fragment	7.23.	Algorithm	binaryPostorder(T,	v):	if	v	has	a	left	child	u	in	T	then	binaryPostorder(T,	u)	{recursively	trav((rse	left	subtree}	if	v	has	a	right	child	w	in	T
then	.	binaryPostorder(T,	w)	.	{recursively	traverse	right	subtree}	perform	the	"visit"	action	for	node	v	Code	Fragment	7.23:	AlgOlithm	binaryPostorder	for	performing	the	postorder	traversal	of	the	subtree	of	a	binary	tree	T	rooted	at	node	v.	Expression	Tree	Evaluation	The	postorder	traversal	of	a	binary	tree	can	be	used	to	solve	the	expression	tree
evaluation	problem.	In	this	problem,	weare	given	an	arithmetic	expression	tree,	that	is,	a	binary	tree	where	each	external	node	has	a	value	associated	with	it	and	each	internal	node	has	an	arithmetic	operation	associated	with	it	(see	Example	7.9),	and	we	want	to	compute	the	value	of	the	arithmetic	expression	represented	by	the	tree.	314	Cl1apter	7.
Tree	Structures	Algorithm	evaluateExpression,	given	in	Code	Fragment	7.24,	evaluates	the	ex	pression	associated	with	the	subtree	rooted	at	a	node	v	of	an	arithmetic	expression	tree	T	by	performing	a	postorder	traversal	of	T	starting	at	v.	In	this	case,	the	"visit"	action	consists	of	performing	a	single	arithmetic	operation.	Note	that	we	use	the	fact	that
an	arithmetic	expression	tree	is	a	proper	binary	tree.	Algorithm	evaluateExpression(T,	v):	if	v	is	an	internal	node	in	T	then	let	0	be	the	operator	stored	at	v	x	f	-	evaluateExpression(T,	T.left(v))	y	f	-	evaluateExpression(T,	T.right(	v))	returnxoy	else	return	the	value	stored	at	v	Code	Fragment	7.24:	Algorithm	evaluateExpression	for	evaluating	the
expression	represented	by	the	subtree	of	an	arithmetic	expression	tree	T	rooted	at	node	v.	The	expression-tree	evaluation	application	of	the	postorder	traversal	provides	an	O(n)-time	algorithm	for	evaluating	an	arithmetic	expression	represented	by	a	binary	tree	with	n	nodes.	Indeed,	like	the	general	postorder	traversal,	the	postorder	traversal	for
binary	trees	can	be	applied	to	other	"bottom-up"	evaluation	problems	(such	as	the	size	computation	given	in	Example	7.7)	as	welL	Inorder	Traversal	of	a	Binary	Tree	An	additional	traversal	method	for	a	binary	tree	is	the	inorder	traversaL	In	this	traversal,	we	visit	a	node	between	the	recursive	traversals	of	its	left	and	right	sub	trees.	The	inorder
traversal	of	the	subtree	rooted	at	a	node	v	in	a	binary	tree	T	is	given	in	Code	Fragment	7.25.	Algorithm	inorder(T,	v):	if	v	has	a	left	child	u	in	T	then	inorder(T,	u)	{recursively	traverse	left	subtree}	perform	the	"visit"	action	for	node	v	if	v	has	aright	child	w	in	r	then	··.inorder(T,w)	{recursively	traverse	right	subtree}	Code	Fragment	7.25:	Algorithm
inorder	for	performing	the	inorder	traversal	of	the	subtree	of	a	binary	tree	T	rooted	at	a	node	v.	315	7.3.	Binary	Trees	The	inorder	traversal	of	a	binary	tree	T	can	be	informally	viewed	as	visiting	the	nodes	of	T	"from	left	to	right."	Indeed,	for	every	node	v,	the	inorder	traversal	visits	v	after	all	the	nodes	in	the	left	subtree	of	v	and	before	all	the	nodes	in
the	right	subtree	ofv.	(See	Figure	7.17.)	Figure	7.17:	Inorder	traversal	of	a	binary	tree.	Binary	Search	Trees	Let	S	be	a	set	whose	elements	have	an	order	relation.	For	example,	S	could	be	a	set	of	integers.	A	binary	search	tree	for	S	is	a	proper	binary	tree	T	such	that	•	Each	internal	node	v	of	T	stores	an	elem~~t	of	S,	denoted	with	x(v).	•	For	each
internal	node	v	ofT,	the	elements	stored	in	the	left	subtree	of	v	are	less	than	or	equal	to	x(v)	and	the	elements	stored	in	the	right	subtree	of	v	are	greater	than	or	equal	to	x(v).	•	The	external	nodes	of	T	do	not	store	any	element.	An	inorder	traversal	of	the	internal	nodes	of	a	binaty	search	tree	T	visits	the	ele	ments	in	nondecreasing	order.	(See	Figure
7.18.)	....	......	......	....	....	....	...	90	Figure	7.18:	A	binary	search	tree	storing	integers.	The	blue	solid	path	is	traversed	when	searching	(successfully)	for	36.	The	blue	dashed	path	is	traversed	when	searching	(unsuccessfully)	for	70.	Chapter	7.	Tree	Structures	316	We	can	use	a	binary	search	tree	T	for	set	S	to	find	whether	a	given	search	value	y	is	in	S,
by	traversing	a	path	down	the	tree	T,	starting	at	the	root.	(See	Figure	7.18.)	At	each	internal	node	v	encountered,	we	compare	our	search	value	y	with	the	element	x(	v)	stored	at	v.	If	y	<	x(	v),	then	the	search	continues	in	the	left	subtree	of	v.	If	y	=	x(v),	then	the	search	terminates	successfully.	If	y	~	x(v),	then	the	search	continues	in	the	right	subtree
of	v.	Finally,	if	we	reach	an	external	node,	the	search	terminates	unsuccessfully.	In	other	words,	a	binary	search	tree	can	be	viewed	as	a	binary	decision	tree	(recall	Example	7.8),	where	the	question	asked	at	each	internal	node	is	whether	the	element	at	that	node	is	less	than,	equal	to,	or	larger	than	the	element	being	searched	for.	Indeed,	it	is	exactly
this	correspondence	to	a	binary	decision	tree	that	motivates	restricting	binary	search	trees	to	be	proper	binary	trees	(with	"place-holder"	external	nodes).	Note	that	the	running	time	of	searching	in	a	binary	search	tree	T	is	proportional	to	the	height	of	T.	Recall	from	Proposition	7.10	that	the	height	of	a	proper	binary	tree	with	n	nodes	can	be	as	small
as	log(	n	1)	1	or	as	large	as	(n	1)/2.	Thus,	binary	search	trees	are	most	efficient	when	they	have	small	height.	We	illustrate	an	example	search	operation	in	a	binary	search	tree	in	Figure	7.18,	and	we	study	binary	search	trees	in	more	detail	in	Section	10.1.	Using	Inorder	Traversal	for	Tree	Drawing	The	inorder	traversal	can	also	be	applied	to	the
problem	of	computing	a	drawing	of	a	binary	tree.	We	can	draw	a	binary	tree	T	with	an	algorithm	that	assigns	x-	and	y-coordinates	to	a	node	v	of	T	using	the	following	two	rules	(see	Figure	7.19):	•	x(	v)	is	the	number	of	nodes	visited	before	v	in	the	inorder	traversal	of	T	•	y(v)	is	the	depth	ofv	in	T.	In	this	application,	we	take	the	convention	common	in
computer	graphics	that	x	coordinates	increase	left	to	right	and	y-coordinates	increase	top	to	bottom.	So	the	origin	is	in	the	upper	left	corner	of	the	computer	screen.	-+--f-	0	I	I	I	-	r	1	2	3	-	4	r	012	3	4	5	6	7	8	9	10	11	12	Figure	7.19:	An	inorder	drawing	of	a	binary	tree.	317	7.3.	Binary	Trees	The	Euler	Tour	Traversal	of	a	Binary	Tree	The	tree-traversal
algorithms	we	have	discussed	so	far	are	all	forms	of	iterators.	Each	traversal	visits	the	nodes	of	a	tree	in	a	certain	order,	and	is	guaranteed	to	visit	each	node	exactly	once.	We	can	unify	the	tree-traversal	algorithms	given	above	into	a	single	framework,	however,	by	relaxing	the	requirement	that	each	node	be	visited	exactly	once.	The	resulting
traversal	method	is	called	the	Euler	tour	traversal,	which	we	study	next.	.	The	advantage	of	this	traversal	is	that	it	allows	for	more	general	kinds	of	algorithms	to	be	expressed	easily.	The	Euler	tour	traversal	of	a	binary	tree	T	can	be	informally	defined	as	a	"walk"	around	T,	where	we	start	by	going	from	the	root	toward	its	left	child,	viewing	the	edges
of	T	as	being	"walls"	that	we	always	keep	to	our	left.	(See	Figure	7.20.)	Each	node	v	of	T	is	encountered	three	times	by	the	Euler	tour:	•	"On	the	left"	(before	the	Euler	tour	of	v's	left	subtree)	•	"From	below"	(between	the	Euler	tours	of	v's	two	subtrees)	•	"On	the	right"	(after	the	Euler	tour	of	v's	right	subtree).	If	v	is	external,	then	these	three	"visits"
actually	all	happen	at	the	same	time.	We	describe	the	Euler	tour	of	the	subtree	rooted	at	v	in	Code	Fragment	7.26.	Figure	7.20:	Euler	tour	traversal	of	a	binary	tree.	Algorithm	eulerTour(T,	v):	perform	the	action	for	visiting	node	v	on	the	left	if	v	has	a	left	child	u	in	T	then	eulerTour(T,	u)	{	recursively	tour	the	left	subtree	of	v	}	perform	the	action	for
visiting	node	v	from	below	if	v	has	a	right	child	win	T	then	eulerTour(T,	w)	{	recursively	tour	the	right	subtree	of	v}	perform	the	action	for	visiting	node	v	on	the	right	Code	Fragment	7.26:	The	Euler	tour	of	the	subtree	of	a	binary	tree	T	rooted	at	v.	318	Chapter	7.	Tree	Structures	The	running	time	of	the	Euler	tour	traversal	of	an	n-node	tree	is	easy	to



analyze,	assuming	each	visit	action	takes	0(1)	time.	Since	we	spend	a	constant	amount	of	time	at	each	node	of	the	tree	during	the	traversal,	the	overall	running	time	is	O(n).	The	preorder	traversal	of	a	binary	tree	is	equivalent	to	an	Euler	tour	traversal	such	that	each	node	has	an	associated	"visit"	action	occur	only	when	it	is	encoun	tered	on	the	left.
Likewise,	the	inorder	and	postorder	traversals	of	a	binary	tree	are	equivalent	to	an	Euler	tour	such	that	each	node	has	an	associated	"visit"	action	occur	only	when	it	is	encountered	from	below	or	on	the	right,	respectively.	The	Euler	tour	traversal	extends	the	preorder,	inorder,	and	postorder	traversals,	but	it	can	also	perform	other	kinds	of	traversals.
For	example,	suppose	we	wish	to	com 	pute	the	number	of	descendents	of	each	node	v	in	an	n-node	binary	tree.	We	start	an	Euler	tour	by	initializing	a	counter	to	0,	and	then	increment	the	counter	each	time	we	visit	a	node	on	the	left.	To	determine	the	number	of	descendents	of	a	node	v,	we	compute	the	difference	between	the	values	of	the	counter
when	v	is	visited	on	the	left	and	when	it	is	visited	on	the	right,	and	add	1.	This	simple	rule	gives	us	the	number	of	descendents	of	v,	because	each	node	in	the	subtree	rooted	at	v	is	counted	between	v's	visit	on	the	left	and	v's	visit	on	the	right.	Therefore,	we	have	an	O(n)-time	method	for	computing	the	number	of	descendents	of	each	node.	Another
application	of	the	Euler	tour	traversal	is	to	print	a	fully	parenthesized	arithmetic	expression	from	its	expression	tree	(Example	7.9).	Algorithm	printEx	pression,	shown	in	Code	Fragment	7.27,	accomplishes	this	task	by	performing	the	following	actions	in	an	Euler	tour:		•	"On	the	left"	action:	if	the	node	is	internal,	print	"("	•	"From	below"	action:	print
the	value	or	operator	stored	at	the	node	•	"On	the	right"	action:	if	the	node	is	internal,	print	")".	Algorithm	printExpression(T,	v):	.	if	T.islnternal(v)	then	print	"("	if	T.hasLeft(v)	then	printExpression(T,	T.left(v))	ifT.islnternal(v)	then	print	the	operator	stored	at	v	else	print	the	value	stored	at	v	if	T.hasRight(v)	then	printExpression(T,	T.right(v))	if	T.	isl
nterna	I(v)	then	print	")"	Code	Fragment	7.27:	An	algorithm	for	printing	the	arithmetic	expression	associated	with	the	subtree	of	an	arithmetic	expression	tree	T	rooted	at	v.	7.3.	Binary	Trees	319	7.3.7	The	Template	Method	Pattern	The	tree	traversal	methods	described	above	are	actually	examples	of	an	interest	ing	object-oriented	software	design
pattern,	the	template	method	pattern.	The	template	method	pattern	describes	a	generic	computation	mechanism	that	can	be	specialized	for	a	particular	application	by	redefining	certain	steps.	Following	the	template	method	pattern,	we	design	an	algorithm	that	implements	a	generic	Euler	tour	traversal	of	a	binary	tree.	This	algorithm,	called
templateEulerTour,	is	shown	in	Code	Fragment	7.28.	Algorithm	templateEulerTour(T,	v):	r	f	-	new	object	of	type	Tou	rResu	It	visitLeft(T,	v,	r)	if	T.hasLeft(v)	then	r.left	f	-	templateEulerTour(T,	T.left(v))	visitBelow(T,	v,	r)	if	T.hasRight(v)	then	r.right	f	-	templateEulerTour(T,	T.right(v))	visitRight(T,	v,r)	return	r.out	Code	Fragment	7.28:	An	Euler	tour
traversal	of	the	subtree	of	a	binary	tree	T	rooted	at	a	node	v,	following	the	template	method	pattern.	When	called	on	a	node	v,	method	templateEulerTour	calls	several	other	auxil	iary	methods	at	different	phases	of	the	traversal.	Namely,	it	•	Creates	a	local	variable	r	of	type	TourResult,	Which	is	used	to	store	interme	diate	results	of	the	computation
and	has	fields	reft,	right,	and	out	•	Calls	auxiliary	method	visitLeft(T,	v,r),	which	performs	the	computations	associated	with	encountering	the	node	on	the	left	•	If	v	has	a	left	child,	recursively	calls	itself	on	the	left	child	of	v	and	stores	the	returned	value	in	r.left	•	Calls	auxiliary	method	visitBelow(T,	v,r),	which	performs	the	computations	associated
with	encountering	the	node	from	below	•	If	v	has	a	right	child,	recursively	calls	itself	on	the	right	child	and	stores	the	returned	value	in	r.	right	•	Calls	auxiliary	method	visitRight(T,	v,	r),	which	performs	the	computations	associated	with	encountering	the	node	on	the	right	•	Returns	r.out.	Method	templateEulerTour	can	be	viewed	as	atemplate	or
"skeleton"	of	an	Euler	tour.	(See	Code	Fragment	7.28.)	Chapter	7.	Tree	Structures	320	Java	Implementation	Java	class	EulerTour,	shown	in	Code	Fragment	7.29,	implements	an	Euler	tour	traversal	using	the	template	method	pattern.	The	recursive	traversal	is	performed	by	method	eulerTour.	The	auxiliary	methods	called	by	eulerTour	are	empty	place
holders.	That	is,	they	have	an	empty	body	or	they	just	return	null.	Class	EulerTour	is	abstract	and	thus	cannot	be	instantiated.	It	contains	an	abstract	method,	called	execute,	which	needs	to	be	specified	in	the	concrete	subclass	of	EulerTour.	Class	TourResult,	with	fields	left,	right,	and	out,	is	not	shown.	/**	*	Template	for	algorithms	traversing	a	binary
tree	using	an	Euler	*	tour.	The	subclasses	of	this	class	will	redefine	some	of	the	*	methods	of	this	class	to	create	a	specific	traversal.	*/	public	abstract	class	EulerTour	{	protected	BinaryTree	tree;	/**	Execution	of	the	traversal.	This	abstract	method	must	be	*	specified	in	a	concrete	subclass.	*/	public	abstract	R	execute(BinaryTree	T);	/**	Initialization
of	the	traversal	*/	protected	void	init(BinaryTree	T)	{tree	T;}	/**	Template	method	*/	protected	R	eulerTour(Position	v)	{	TourResult	r	=	new	TourResultO;	visitLeft(v,	r);	.	if	(tree.	hasLeft(v))	r.left	eulerTour(tree.left(v));	/	/	recursive	traversal	visitBelow(v,	r);	if	(tree.hasRight(v))	r.right	eulerTour(tree.right(v));	/	/	recursive	traversal	visitRight(v,	r);
return	Lout;	i	}	/	/	Auxiliary	methods	that	can	be	redefined	by	subclasses:	/**	Method	called	for	the	visit	on	the	left	*/	protected	void	visitLeft(Position	v,	TourResult	r)	{}	/**	Method	called	for	the	visit	on	from	below	*/	protected	void	visitBelow(Position	v,	TourResult	r)	{}	/**	Method	called	for	the	visit	on	the	right	*/	protected	void	visitRight(Position	v,
TourResult	r)	{}	}	Code	Fragment	7.29:	Java	class	EulerTour	defining	a	generic	Euler	tour	of	a	binary	tree.	This	class	realizes	the	template	method	pattern	and	must	be	specialized	in	order	to	get	an	interesting	computation.	7.3.	Binary	Trees	321	The	class,	EulerTour,	itself	does	not	perform	any	useful	computation.	Nev	ertheless,	we	can	extend	it	and
override	the	empty	auxiliary	methods	to	do	use	ful	tasks.	We	illustrate	this	concept	using	arithmetic	expression	trees	(see	Exam 	ple	7.9).	We	assume	that	an	arithmetic	expression	tree	has	objects	of	type	Expres	sionTerm	at	each	node.	Class	ExpressionTerm	has	subclasses	ExpressionVariable	(for	variables)	and	ExpressionOperator	(for	operators).	In
tum,	class	Expression	Operator	has	subclasses	for	the	arithmetic	operators,	such	as	AdditionOperator	and	MultiplicationOperator.	Method	value	of	ExpressionTerm	is	overridden	by	its	subclasses.	For	a	variable,	it	returns	the	value	of	the	variable.	For	an	operator,	it	re	turns	the	result	of	applying	the	operator	to	its	operands.	The	operands	of	an
operator	are	set	by	method	setOperands	of	ExpressionOperator.	In	Code	Fragment	7.30,	we	show	the	classes	ExpressionTerm,	ExpressionVariable,	ExpressionOperator	and	AdditionOperator.	/**	Class	for	a	term	(operator	or	variable)	of	an	arithmetic	expression.	public	class	ExpressionTerm	{	public	Integer	getValueO	{	return	0;	}	public	String
toString()	{	return	new	String(IlII);	}	}	/**	Class	for	a	variable	of	an	arithmetic	expression.	*/	public	class	ExpressionVariable	extends	ExpressionTerm	{	protected	Integer	var;	public	ExpressionVariable(lnteger	x)	{	var	=	x;'}	public	void	setVariable(lnteger	x)	{	var	=	x;	}.	public	Integer	getValueO	{	return	var;	}	public	String	toStringO	{	return
var.toStringO;	}	}	/**	.	Class	for	an	operator	of	an	arithmetic	expression	*/	*/	public	class	ExpressionOp'erator	extends	ExpressionTerm	{	protected	Integer	firstOperand,	secondOperand;	.	public	void	setOperands(lnteger	x,	Integer	y)	{	firstOperand	x;	secondOperand	y;	}	}	/**	Class	for	the	addition	operator	in	an	arithmetic	expression.	*/	public	class
AdditionOperator	extends	ExpressionOperator	{	public	Integer	getValue()	{.	return	(firstOperand	+	secondOperand);	/	/	unboxing	and	then	autoboxing	}	toStringO	}	public	String	..	.	".	.	{	,return	new	String("+");	}	.	.	Code	Fragment	7.30:	Classes	for	a	variable,	generic	operator,	and	addition	operator	of	an	arithmetic	expression.	Chapter	7.	Tree
Structures	322	In	Code	Fragments	7.31	and	7.32,	we	show	classes	EvaluateExpressionTour	and	PrintExpressionTou	r,	specializing	Eu	lerTou	r,	that	evaluate	and	print	the	arith	metic	expression	stored	in	a	binary	tree,	respectively.	Class	EvaluateExpression	Tour	overrides	auxiliary	method	visitRight(T,	v,	r)	with	the	following	computation:	•	If	v	is	an
external	node,	set	r.out	equal	to	the	value	of	the	variable	stored	at	v	•	Else	(v	is	an	internal	node),	combine	r.left	and	r.right	with	the	operator	stored	at	v,	and	set	r.out	equal	to	the	result	of	the	operation.	Class	PrintExpression	Tour	overrides	methods	visitLeft,	visitBelow,	and	visitRight	following	the	approach	of	pseudo-code	version	shown	in	Code
Fragment	7.27.	/**	Compute	the	value	of	an	arithmetic	expression	tree.	*/	public	class	EvaluateExpressionTour	extends	EulerTour	{	public	Integer	execute(BinaryTree<	ExpressionTerm>	T)	{	init(T);	/	/	calls	method	of	superclass	return	eulerTour(tree.rootO);	/	/	returns	the	value	of	the	expression	}	protected	void	visitRight(Position	v,	TourResult	r)	{
ExpressionTerm	term	=	v.elementO:	if	(tree.islnternal(v))	{	ExpressionOperator	op	=	(ExpressionOperator)	term;	op.setOpera	nds(	r.left,	r.	right);	}	Lout	=	term.getValueO;	}	}	Code	Fragment	7.31:	Class	EvaluateExpressionTour	that	specializes	EulerTour	to	evaluate	the	expression	associated	with	~n	arithmetic	expression	tree.	s	/**	Print	out	the
expression	stored	in	an	arithmetic	expression	tree.	*/	public	class	PrintExpressionTour	extends	EulerTour	{	public	String	execute(BinaryTree	T)	{	init(T);	System.out.print(IIExpression:	II);	eulerTour(T.rootO	);	System.out.printlnO;	return	null;	/	/	nothing	to	return	}	protected	void	visitLeft(Position	v,	TourResult	r)	{	if	(tree.islnternal(v))
System.out.print("	(II);	}	protected	void	visitBelow(Position	v,	TourResult	r)	{	System.out.print(v.elementO);	}	protected	void	visitRight(Position	v,	TourResult	r)	{	if	(tree.islnternal(v))	System.out.print(lI)	!I);	}	}	Code	Fragment	7.32:	Class	PrintExpression	Tour	that	specializes	EulerTour	to	print	the	expression	associated	with	an	arithmetic	expression
tree.	7.4.	Exercises	7.4	323	Exercises	For	help	with	exercises,	please	visit	the	web	site,	www.wiley.com/go/global/goodrich.	Reinforcement	R-7.1	The	following	questions	refer	to	the	tree	of	Figure	7.3.	a.	Which	node	is	the	root?	b.	What	are	the	internal	nodes?	c.	How	many	descendents	does	node	cs016/	have?	d.	How	many	ancestors	does	node	cs016/
have?	e.	What	are	the	siblings	of	node	homeworks/?	f.	Which	nodes	are	in	the	subtree	rooted	at	node	projects/?	g.	What	is	the	depth	of	node	papers/?	h.	What	is	the	height	of	the	tree?	R-7.2	Find	the	value	of	the	arithmetic	expression	associated	with	each	subtree	of	the	binary	tree	of	Figure	7.11.	R-7.3	Let	T	be	an	n-node	binary	tree	that	may	be
improper.	Describe	how	to	represent	T	by	means	of	a	proper	binary	tree	T'	with	O(n)	nodes.	R-7.4	What	are	the	minimum	and	maximum'	number	of	internal	and	external	nodes	in	an	improper	binary	tree	with	n	nodes?	R-7.5	Show	a	tree	achieving	the	worst-case	running	time	for	algorithm	depth.	R-7.6	Give	a	justification	of	Proposition	7.4.	R-7.7	What
is	the	running	time	of	algorithm	heigbt2(T,	v)	(Code	Fragment	7.6)	when	called	on	a	node	v	distinct	from	the	root	of	T?	R-7.8	Let	T	be	the	tree	of	Figure	7.3,	and	refer	to	Code	Fragments	7.9	and	7.10.	a.	Give	the	output	oftoStringPostorder(T,	T.rootO).	b.	Give	the	output	of	parentheticRepresentation(T,	T.	rootO).	R-7.9	Describe	a	modification	to
parentheticRepresentation,	from	Code	Frag	ment	7.10,	so	that	it	uses	the	lengthO	method	for	String	objects	to	output	the	parenthetic	representation	of	a	tree	with	line	breaks	and	spaces	added	to	display	the	tree	in	a	text	window	that	is	80	characters	wide.	R-7.10	Draw	an	arithmetic	expression	tree	that	has	four	external	nodes,	storing	the	numbers
1,5,6,	and	7	(with	each	number	stored	in	a	distinct	external	node,	but	not	necessarily	in	this	order),	and	has	three	internal	nodes,	each	storing	an	operator	from	the	set	{+,	-,	x,	/},	so	that	the	value	of	the	root	is	21.	The	operators	may	return	and	act	on	fractions,	and	an	operator	may	be	used	more	than	once.	324	Chapter	7.	Tree	Structures	R-7.11	Let	T
be	an	ordered	tree	with	more	than	one	node.	Is	it	possible	that	the	preorder	traversal	of	T	visits	the	nodes	in	the	same	order	as	the	postorder	traversal	of	T?	If	so,	give	an	example;	otherwise,	argue	why	this	cannot	occur.	Likewise,	is	it	possible	that	the	preorder	traversal	of	T	visits	the	nodes	in	the	reverse	order	of	the	postorder	traversal	of	T?	If	so,
give	an	example;	otherwise,	argue	why	this	cannot	occur.	R-7.12	Answer	the	previous	question	for	the	case	when	T	is	a	proper	binary	tree	with	more	than	one	node.	R-7.13	What	is	the	running	time	ofparentheticRepresentation(T,	T.	root	0)(Code	Fragment	7.10)	for	a	tree	T	with	n	nodes?	R-7.I4	Draw	a	(single)	binary	tree	T	such	that	•	Each	internal
node	of	T	stores	a	single	character	•	Apreordertraversal	of	T	yields	EXAMFUN	•	An	inorder	traversal	of	T	yields	MAFXU	EN.	R-7.15	Answer	the	following	questions	so	as	to	justify	Proposition	7.10.	a.	What	is	the	minimum	number	of	external	nodes	for	a	proper	binary	tree	with	height	h?	Justify	your	answer.	b.	What	is	the	maximum	number	of	external
nodes	for	a	proper	binary	tree	with	height	h?	Justify	your	answer.	c.	Let	T	be	a	proper	binary	tree	with	height	hand	n	nodes.	Show	that	log(n+	1)	1<	h	~	(n-I)/2.	d.	For	which	values	of	n	andh	can	the	above	lower	and	upper	ljounds	on	h	be	attained	with	equality?	R-7.16	Describe	a	generalization	of	the	Euler	tour	traversal	to	trees	such	that	each
internal	node	has	three	children.	Describe	how	you	could	use	this	traversal	to	compute	the	height	of	each	node	in	such	a	tree.	R-7.17	Compute	the	output	of	algorithm	toStringPostorder(T,T.rootO),	from	Code	Fragment	7.12,	on	the	tree	T	of	Figure	7.3.	R-7.18	Illustrate	the	execution	of	algorithm	diskSpace(T,T.rootO)	(Code	Frag	ment7.l3)	on	the	tree
T	of	Figure	7.9.	R-7.19	Let	T	be	the	binary	tree	of	Figure	7.11.	a.	Give	the	output	oftoStringPostorder(T,	T.root())	(Code	Fragment	7.9).	b.	Give	the	output	of	parentheticRepresentation(T,	T.	rootO)	(Code	Frag	ment	7,10).	.	.	".	.	,	.'	R-7.20	Let	T	be	the	binary	tree	of	Figure	7.11.	a.	Give	the	output	of	toStringPostorder(T,	T.	root	0)(Code	Fragment	7.12).
b.	Give	the	output	of	printExpression(T,	T.rootO)	(Code	Fragment	7.27).	7.4.	Exercises	325	R-7.21	Describe,	in	pseudo-code,	an	algorithm	for	computing	the	number	of	de	scendents	of	each	node	of	a	binary	tree.	The	algorithm	should	be	based	on	the	Euler	tour	traversal.	R-7.22	Let	T	be	a	(possibly	improper)	binary	tree	with	n	nodes,	and	let	D	be	the
sum	of	the	depths	of	all	the	external	nodes	of	T.	Show	that	if	T	has	the	minimum	number	of	external	nodes	possible,	then	Dis	O(n)	and	if	T	has	the	maximum	number	of	external	nodes	possible,	then	Dis	O(nlogn).	R-7.23	Let	T	be	a	binary	tree	with	n	nodes,	and	let	p	be	the	level	numbering	of	the	nodes	of	T,	as	given	in	Section	7.3.5.	a.	Show	that,	for
every	node	v	of	T,	p(v)	:::;	2n	-	1.	b.	Show	an	example	of	a	binary	tree	with	seven	nodes	that	attains	the	above	upper	bound	on	p(v)	for	some	node	v.	R-7.24	Show	how	to	use	the	Euler	tour	traversal	to	compute	the	level	number,	defined	in	Section	7.3.5,	of	each	node	in	a	binary	tree	T.	R-7.25	Draw	the	binary	tree	representation	of	the	following
arithmetic	expres	sion:"(((5	2)*(2-1))/((29)	((7-2)-1))*8)".	R-7.26	Let	T	be	a	binary	tree	with	n	nodes	that	is	realized	with	an	array	list,	S,	and	let	p	be	the	level	numbering	of	the	nodes	in	T,	as	given	in	Section	7.3.5.	Give	pseudo-code	descriptions	of	each	of	the	methods	root,	parent,	left,	right,	hasleft,	hasRight,	islnternal,	isExternal,	and	isRoot.
Creativity	C-7.1	For	each	node	v	in	a	tree	T,	let	pre	(v)	be	the	rank:	o~	v	in	a	preorder	traversal	of	T,	let	post(	v)	be	the	rank.of	v	in	a	postorder	traversal	of	T,	let	depth(v)	be	the	depth	of	v,	and	let	desc(v)'	be	the	number	of	descendents	of	v,	not	counting	v	itself.	Derive	a	formula	defining	post(v)	in	terms	of	desc(	v),	depth(	v),	and	pre(	v),	for	each	node
v	in	T.	C-7.2	Let	T	be	a	tree	whose	nodes	store	strings.	Give	an	efficient	algorithm	that	computes	and	prints,	for	every	node	v	of	T,	the	string	stored	at	v	and	the	height	of	the	subtree	rooted	at	v.	C-7.3	Design	algorithms	for	the	following	operations	for	a	binary	tree	T:	•	preorderNext(v):	return	the	node	visited	after	node	v	in	a	preorder	traversal	of	T	•
inorderNext(v):	return	the	node	visited	after	node	v	in	an	inorder	traversal	of	T	•	postorderNext(	v):	return	the	node	visited	after	node	v	in	a	postorder	traversal	of	T.	What	are	the	worst-case	running	times	of	your	algorithms?	Chapter	7.	Tree	Structures	326	C-7.4	Give	an	O(n)-time	algorithm	for	computing	the	depth	of	all	the	nodes	of	a	tree	T,	where	n
is	the	number	of	nodes	of	T.	C-7.5	The	indented	parenthetic	representation	of	a	tree	T	is	a	variation	of	the	parenthetic	representation	of	T	(see	Figure	7.7)	that	uses	indentation	and	line	breaks	as	illustrated	in	Figure	7.21.	Give	an	algorithm	that	prints	this	representation	of	a	tree.	Sales	(	Domestic	International	(	Canada	S.	America	Overseas	(	Africa
Europe	Asia	Australia	(a)	(b)	Figure	7.21:	(a)	Tree	T;	(b)	indented	parenthetic	representation	of	T.	C-7.6	LetT	be	a	(possibly	improper)	binary	tree	with	n	nodes,	and	let	D	be	the	sum	of	the	depths	of	all	the	external	nodes	of	T.	Describe	a	configuration	for	T	such	that	Dis	Q(n	2	).	Such	a	tree	would	be	the	worst	case	for	the	asymptotic	running	time	of
Algorithm	heightl	(Code	Fragment	7.5).	C-7.7	For	a	tree	T,	let	nj	denote	the	number	of	its	internal	nodes,	and~let	nE	denote	the	number	of	its	external	nodes.	Show	that	if	every	internal	node	in	T	has	exactly	3	children,	then	nE	=	2nj	+	1.	C-7.S	Describe	how	to	clone	a	proper	binary	tree	using	the	attach	method	in	stead	of	methods	insertLeft	and
insertRight.	C-7.9	The	balance	factor	of	an	internal	node	v	of	a	proper	binary	tree	is	the	difference	between	the	heights	of	the	right	and	left	subtrees	of	v.	Show	how	to	specialize	the	Euler	tour	traversal	of	Section	7.3.7	to	print	the	balance	factors	of	all	the	internal	nodes	of	a	proper	binary	tree.	C-7.10	Two	ordered	trees	T'	and	Tff	are	said	to	be
isomorphic	if	one	of	the	fol	lowing	holds:	•	Both	T'	and	Tff	are	empty	•	Both	T'	and	Tff	consist	of	a	single	node	•	Both	T'	and	Tff	have	the	same	number	k	2	1	of	subtrees,	and	the	ith	subtree	ofT'	is	isomorphic	to	the	ith	subtree	of	Tff,	for	i	=	1,	...	,k.	Design	an	algorithm	that	tests	whether	two	given	ordered	trees	are	iso	morphic.	What	is	the	running	time
of	your	algorithm?	7.4.	Exercises	327	C-7.11	Extend	the	concept	of	an	Euler	tour	to	an	ordered	tree	that	is	not	necessar	ily	a	binary	tree.	C-7.12	We	can	define	a	binary	tree	representation	T'	for	an	ordered	general	tree	T	as	follows	(see	Figure	7.22):	•	For	each	node	u	of	T,	there	is	an	internal	node	u'	of	T'	associated	with	u.	•	If	u	is	an	external	node	of
T	and	does	not	have	a	sibling	immediately	following	it,	then	the	children	of	u'	in	T'	are	external	nodes.	•	If	u	is	an	internal	node	of	T·and	v	is	the	first	child	of	u	in	T,	then	v'	is	the	left	child	of	u'	in	T.	•	If	node	v	has	a	sibling	w	immediately	following	it,	then	w'	is	the	right	child	of	v'	in	T'.	Given	such	a	representation	T'	of	a	general	ordered	tree	T,	answer
each	of	the	following	questions:	a.	Is	a	preorder	traversal	of	T'	equivalent	to	a	preorder	traversal	of	T?	b.	Is	a	postorder	traversal	of	T'	equivalent	to	a	postorder	traversal	of	T?	c.	Is	an	inorder	traversal	of	T'	equivalent	to	one	of	the	standard	traver	sals	of	T?	If	so,	which	one?	A	'@	'0	(a)	(b)	c/	Figure	7.22:	Representation	of	a	tree	with	a	binary	tree:	(a)
tree	T;	(b)	binary	tree	T'	for	T.	The	dashed	edges	connect	nodes	of	T'	that	are	siblings	in	T.	C-7.13	As	mentioned	in	Exercise	C-5.7,posifix	notation	is	an	unambiguous	way	of	writing	an	arithmetic	expression	without	parentheses.	It	is	defined	so	that	if	"(exPl	)op(exP2)"	is	a	normal	(infix)	fully	parenthesized	expression	with	operation	op,	then	its	postfix
equivalent	is	"pexPl	pexp2	op",	where	pexp	1	is	the	postfix	version	of	exp	1	and	pexp2	is	the	postfix	version	of	exp2'	The	postfix	version	of	a	single	number	of	variables	is	just	that	num 	beror	variable.	So,	for	example,	the	postfix	version	of	the	infix	expression	"((5	2)	*	(8	-	3))/4"	is	"5	2	+	8	3	*	4	/".	Give	an	efficient	algorithm	for	converting	an	infix
arithmetic	expression	to	its	equivalent	postfix	no	tation.	(Hint:	First	convert	the	infix	expression	into	its	equivalent	binary	tree	representation,	using	the	algorithm	of	Code	Fragment	7.21.)	"	:j	328	Chapter	7.	Tree	Structures	C-7.14	Given	a	proper	binary	tree	T,	define	the	reflection	of	T	to	be	the	binary	tree	T'	such	that	each	node	v	in	T	is	also	in	T',	but
the	left	child	of	v	in	T	is	v's	right	child	in	T'	and	the	right	child	of	v	in	T	is	v's	left	child	in	T'.	Show	that	a	preorder	traversal	of	a	proper	binary	tree	T	is	the	same	as	the	postorder	traversal	of	T's	reflection,	but	in	reverse	order.	C-7.15	Algorithm	preorderD	raw	draws	a	binary	tree	T	by	assigning	x-	and	y	coordinates	to	each	node	v	such	that	x(	v)	is	the
number	of	nodes	preceding	v	in	the	preorder	traversal	of	T	and	y(v)	is	the	depth	of	v	in	T.	Algorithm	postorderDraw	is	similar	to	preorderDraw	but	assigns	x-coordinates	using	a	postorder	traversal.	a.	Show	that	the	drawing	of	T	produced	by	preorderDraw	has	no	pairs	of	crossing	edges.	b.	Redraw	the	binary	tree	of	Figure	7.19	using	preorderDraw.	c.
Show	that	the	drawing	of	T	produced	by	postorderDraw	has	no	pairs	of	crossing	edges.	d.	Redraw	the	binary	tree	of	Figure	7.19	using	postorderDraw.	C-7.16	Design	an	algorithm	for	drawing	general	trees	that	generalizes	the	inorder	traversal	approach	for	drawing	binary	trees.	C-7.17	Let	a	visit	action	in	the	Euler	tour	traversal	be	denoted	by	a	pair
(v,	a),	where	v	is	the	visited	node	and	a	is	one	of	left;	below,	or	right.	Design	and	analyze	an	algorithm	for	performing	operation	tourNext(v,aY,	which	returns	the	visit	action	(w,b)	following	(v,a).	C-7.18	Consider	a	variation	of	the	linked	data	structure	for	binary	trees	where	•	each	node	object	has	references	to	the	node	objects	of	,the	chik!ren	but	not
to	the	node	object	of	the	parent.	Describe	an	implementation	of	the	methods	of	a	binary	tree	with	this	data	structure	~llld	analyze	the	time	complexity	for	these	methods.	C-7.19	Design	an	alternative	implementation	ofthe	linked	data	structure	for	proper	binary	trees	using	a	class	for	nodes	that	specializes	into	subclasses	for	an	internal	node,	an
external	node,	and	the	root	node.	C-7.20	Within	the	linked	data	structure	for	binary	trees,	explore	an	alternative	design	for	implementing	the	iterators	returned	by	the	methods	iteratorO,	positionsO.iteratorO,	and	children(v).iteratorO	such	that	each	of	these	methods	takes	O(	1)	time.	Can	you	still	achieve	constant	time	implemen	tations	for	the
methods	hasNextO	and	nextO	of	the	iterators	returned?	C-7.21	Let	T	be	a	tree	with	n	nodes;	Definethelowest	common	ancestor	(LCA)	,',	,between	two	nodes	v	and	w	as	the	lowest	node	in	T	that	has	both	v	and	w	as	descendents	(where	we	allow	a	node	to	be	a	descendent	of	itself).	Given	two	nodes	v	and	w,	describe	an	efficient	algorithm	for	finding	the
LCA	of	v	and	w.	What	is	the	running	time	of	your	algorithm?	7.4.	Exercises	329	C-7.22	Let	T	be	a	binary	tree	with	n	nodes,	and,	for	any	node	v	in	T,	let	dv	denote	the	depth	of	v	in	T.	The	distance	between	two	nodes	v	and	w	in	T	is	dv	+dw	-	2du,	where	u	is	the	lowest	common	ancestor	(LCA)	u	of	v	and	w.	The	diameter	of	T	is	the	maximum	distance
between	two	nodes	in	T.	Describe	an	efficient	algorithm	for	finding	the	diameter	of	T.	What	is	the	running	time	of	your	algorithm?	C-7.23	Suppose	each	node	v	of	a	binary	tree	T	is	labeled	with	its	value	p(v)	in	a	level	numbering	of	T.	Design	a	fast	method	for	determining	p(u)	for	the	lowest	common	ancestor	(LCA),	u,	of	two	nodes	v	and	w	in	T,	given	p(
v)	and	p(	w).	You	do	not	need	to	find	node	u,	just	compute	its	level	numbering	label.	C-7.24	Justify	the	bounds	in	Table	7.3	by	providing	a	detailed	analysis	of	the	running	times	of	the	methods	of	a	binary	tree	T	implemented	with	an	array	list,	S,	where	S	is	realized	by	means	of	an	array.	C-7.25	Justify	Table	7.1,	summarizing	the	running	time	of	the
methods	of	a	tree	represented	with	a	linked	structure,	by	providing,	for	each	method,	a	de	scription	of	its	implementation,	and	an	analysis	of	its	running	time.	C-7.26	Describe	a	nonrecursive	method	for	evaluating	a	binary	tree	representing	an	arithmetic	expression.	C-7.27	Let	T	be	a	binary	tree	with	n	nodes.	Define	a	Roman	node	to	be	a	node	v	in	T,
such	that	the	number	of	descendents	in	v's	left	subtree	differ	from	the	number	of	descendents	in	v's	right	subtree	by	at	most	5.	Describe	a	linear-time	method	for	finding	each	node	v	of	T,	such	that	v	is	not	a	Roman	node,	but	all	of	v's	descendents	are	Roman	nodes..	C-7.28	Describe	a	nonrecursive	method	for	performing	an	Euler,Itour	traversal	of	a
binary	tree	that	runs	in	linear	time	and	do~s	not	use	a	stack.	C-7.29	Describe,	in	pseudo-code,	a	nonrecursive	'method	for	performing	an	in	order	traversal	of	a	binary	tree	in	linear	time.	C-7.30	Let	T	be	a	binary	tree	with	n	nodes	(T	may	be	realized	with	an	array	list	or	a	linked	structure).	Give	a	linear-time	algorithm	that	uses	the	methods	of	the
BinaryTree	interface	to	traverse	the	nodes	of	T	by	increasing	values	of	the	level	numbering	function	p	given	in	Section	7.3.5.	This	traversal	is	known	as	the	level	order	traversal.	C-7.31	The	path	length	of	a	tree	T	is	the	sum	of	the	depths	of	all	the	nodes	in	T.	Describe	a	linear-time	method	for	computing	the	path	length	of	a	tree	T	(which	is	not
necessarily	binary),	C-7.32	Definethe	internal	path	length,	I(T),	of	a	tree	T	to	be	the	sum	of	the	depths	of	all	the	internal	nodes	in	T,	Likewise,	define	the	external	path	length,	E(T),	of	a	tree	T	to	be	the	sum	of	the	depths	of	all	the	external	nodes	in	T,	Show	that	if	T	is	a	proper	binary	tree	with	n	nodes,	then	E(T)	=I(T)+n-l.	Chapter	7.	Tree	Structures	330
Projects	P-7.l	P-7.2	P-7.3	P-7.4	Implement	the	binary	tree	ADT	using	an	array	list.	Implement	the	tree	ADT	using	a	linked	structure.	Write	a	program	that	draws	a	binary	tree.	A	slicing	jloorplan	divides	a	rectangle	with	horizontal	and	vertical	sides	using	horizontal	and	vertical	cuts.	(See	Figure	7.23a.)	A	slicing	fioorplan	can	be	represented	by	a	proper
binary	tree,	called	a	slicing	tree,	whose	internal	nodes	represent	the	cuts,	and	whose	external	nodes	represent	the	basic	rectangles	into	which	the	fioorplan	is	decomposed	by	the	cuts.	(See	Figure	7.23b.)	The	compaction	problem	for	a	slicing	fioorplan	is	defined	as	follows.	Assume	that	each	basic	rectangle	of	a	slicing	fioorplan	is	as	signed	a	minimum
width	wand	a	minimum	height	h.	The	compaction	problem	is	to	find	the	smallest	possible	height	and	width	for	each	rectangle	of	the	slicing	fioorplan	that	is	compatible	with	the	minimum	dimensions	of	the	basic	rectangles.	Namely,	this	problem	requires	the	assignment	of	values	h(v)	and	w(v)	to	each	node	v	of	the	slicing	tree	such	that:	w	w(v)	=
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